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A B S T R A C T  (A B G /\IM )
The Effects of Frictional and Thermal Forces 
upon Sea Bed Pipeline Buckling Behaviour
The objective of the research programme has been to 
develop design parameters applicable to in-service sub­
marine pipeline buckling behaviour. The programme has 
involved experimental and theoretical studies and 
computer graphics are widely employed throughout. 
Initially, as detailed in Chapter 1, the necessary 
buckling mechanisms in. pipelines subjected to 
axial compression have been identified and analysed in 
the form of relatively basic fully mobilised studies. 
In addition, errors and limitations contained within 
these studies have been determined and delineated. 
Consequently, geotechnical experimentation as reported 
in Chapter 2 was deemed necessary particularly given 
the dearth of information available relating to the 
nature of the friction resistance force between the 
pipeline and its supporting medium. Full scale values 
for the axial and lateral friction coefficients 
together with their respective fully mobilised 
displacements have been deduced upon the basis of model 
tests. A semi-empirical formula has thereby been 
produced for use in design practice. Further, a novel 
interpretation of sea bed recovery, or the pipeline's 
submerged self-weight inertial characteristics 
associated with vertical buckling, has also been 
determined.
Following on from the above geotechnical study,more re­
fined quasi-idealised analyses,dealt with in Chapter 3, 
have been undertaken incorporating the appropriate full 
scale deformation-dependent axial and lateral friction- 
response loci together with the respective sea bed 
recovery characteristics. These analyses enable, for 
the first time, definition of the appropriate 
critical temperature rise at which axial-flexural 
bifurcation occurs. Finally, noting that previous 
buckling analyses have been based on quasi-idealised 
buckling phenomena, attempts have also been made to 
incorporate practical submarine pipeline imperfections. 
Pipelines are not perfectly straight in field 
conditions and, consequently, the imperfection studies 
denoted in Chapter 4 have attempted to model the 
appropriate behaviour. Design charts have been
produced accordingly and suggestions made regarding 
further studies.
-10-
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CHAPTER 1 
INITIAL CONSIDERATIONS
1.1 INTRODUCTION
The increase in demand for (offshore) oil and natural 
gas in many parts of the world has greatly increased 
the need for the installation of submarine pipelines. 
During the past two decades, the offshore industry 
has moved into deeper water for oil and gas production, 
involving water depths of up to 2,000 m. Pipelines
installed at such depths require the utmost care in
engineering design. Construction methods and pipe-
(2-5)laying techniques are both sophisticated and
expensive. Investment in submarine pipelines is
substantial. Failure of a pipeline is costly both 
in terms of lost production and repair costs.
A typical submarine pipeline consists of a steel pipe 
of high strength and ductility, including a wall 
thickness sufficient to withstand high stresses during 
installation and routine operation. It is also coated 
to give protection against external corrosion and 
concrete coated to provide weight. The pipeline can be 
either completely buried or partially buried^"*^
to some depth In marine soils or it can rest on the sea 
bed, accordingly exposed to the hydrodynamic and 
inertia forces of the sea.
-11-
Of particular- interest to the present study is that 
care should be taken when designing a submarine 
pipeline to ensure its stability during the period of 
installation and lifetime use. Indeed, the pipeline 
should have sufficient vertical, longitudinal and 
lateral resistance to overcome the internal and 
environmental actions which could otherwise induce 
unstable behaviour. The magnitudes of the forces 
associated with such behaviour in a submarine 
pipeline depend on many factors, including,
(i) gravitational (weight of pipeline and
its protective coating),
(ii) environmental (buoyancy, hydrodynamic and 
inertial forces),
(iii) constructional (longitudinal, torsional 
and bending stresses when pipelaying), and,
(iv) operational or in-service (internal 
operating pressure and constrained thermal 
expansion).
It is with the last set of parameters that this study 
is concerned. The two major sources of operational 
compressive force can be identified as being that 
centred on the internal operating pressure and that 
concerning the constrained thermal expansion caused 
by hot oil or gas flowing in the pipeline. Of 
particular relevance to submarine conditions is the
-12-
necessity of determining not only the buckling force 
but also the probable location of the pipeline 
should buckling occur. Another important feature of 
pipeline buckling behaviour concerns the resistance to 
movement caused by the interaction between the 
pipeline and the sea bed.
Most published literature to-date regarding submarine 
pipeline behaviour has been directed at stresses
caused during laying^*”* ^  and modification or
. (16-19) . . _ . _  .repair operations. Relatively little previous
research has been undertaken with regard to the
pipeline buckling behaviour during routine
(20-21)operation , that is, under in-service conditions.
1.2 ELASTIC BUCKLING - THE PHENOMENON
(2 2 )Within the field of elastostatics , general
idealised structural behaviour can be typified by
reference to the ’stocky’ and ’slender’ axial
compression systems depicted in Figs. 1.1 (a)
and (b) respectively. As action parameter P,
equivalent to the axial force in the respective member, 
is gradually increased, the primary response parameter, 
axial deformation u, represented herein by the overall 
axial shortening u^, also increases gradually. All
structural response parameters, including axial stress 
for example, afford a similar behavioural pattern.
-13-
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For systems involving linear constitutive properties 
and vanishingly small deformations, u is given by
where L is the member length, A is the cross-sectiona 1
area and E is the Young's modulus of the member.
The governing action-response locus is of linear
form as depicted in Fig. 1.1 (c). The axial stress
induced in the member, a , takes the formA
= P/A (1.2)
System linearity will cease upon the onset of
either constitutive non-linearity, that is the
onset of yield in ductile steel structures for example,
or finite deformations which, with respect to
the present system, refers to the state at which the
induced change in cross-sectional area becomes
significant; in flexural studies, of particular
relevance to this study, finite deformations are
(23)typified by slopes in excess of 0.1 radians.
If, however, a relatively small transient force Q is 
introduced into each of the above idealised axial 
compression systems in the manner denoted in Figs. 1.2 
(a) and (b), by means of which the systems concerned 
become only quasi-idealised compression systems, the 
responses of the 'stocky' and 'slender' systems become
-15-
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quite distinct; the behaviour of the former is 
effectively unchanged whilst the latter will undergo 
elastic instability. As opposed to the foregoing 
purely axial compression systems, elastic instability 
s t u d i e s r e l a t e  to systems in which structural 
response undergoes a singular and sudden change
despite the action parameter P again being only 
gradually and uniformly increased. The basic
nature of the instability studies can be couched in 
terms of Thom's Catastrophe T h e o r y 27)
Quasi-idealised elastic instability can be typified by 
reference to the 'slender' compression system
depicted in Fig. 1.2 (b). Noting the presence of the 
small transient force Q, then, as the action parameter 
P is gradually increased, axial response in terms of u Li
is again witnessed. However, at some singular loading
state Pc , a dramatic change in structural response
is observed, and flexural deformation, typically
represented by the central and maximum transverse
deflection parameter wm  is statically incurred.
Further, a flexurally induced end shortening u is
also set up. That is, an apparently axial system is
replaced by a predominantly flexural system at and
beyond a singular state. This singular state can
be represented by the critical load Pc , where 
f 241P is given by c
-17-
pc = T^ EI/L2 (1.3)
where I is the second moment of area of the member. 
The appropriate behaviour is depicted in Fig. 1.2 (c).
whilst the appropriate maximum stress induced in the 
member, am , can be represented by
a = P /A + M /Z (1.5)m c m
where Mm  is the maximum bending moment and Z is the
section modulus of the member. The critical load Pc 
represents, in linearised terms, the limiting
load carrying capacity of the member. Experimentation
has shown that such members can carry loads higher than 
the buckling load Pc , the necessary modelling requiring 
a non-linear finite deformation study (the
’Elastica' ) ,  the appropriate behavioural locus
being shown in Fig. 1.2 (c). It is to be noted that in
fully idealised terms, the parameter Q is not
present and both stocky and relatively slender members 
would afford purely axial behaviour. The foregoing
slender analysis with the incorporation of the
parameter Q is therefore deemed to be quasi­
The overall end shortening, u^ + u, takes the 
form
* £  (w'x)2 dx (1.4)
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idealised; in practice, physical imperfections in the 
structural system cannot be avoided and Q serves to 
represent this fact.
Clearly, the engineer has to be able to discern 
whether or not a system is likely to undergo unstable 
behaviour as the respective analyses, typified by
Figs. 1.1 and 1.2, are clearly distinct. Two 
basic factors are involved. The degree of slenderness 
monitored by the so-called slenderness ratio^^-*,
is clearly of importance with regard to the possible 
onset of flexural behaviour. The second important 
factor relates to the unavoidable presence of 
structural imperfections. Physical imperfections
can be grouped under three major headings; initial 
curvature, eccentric loading and residual stresses. 
Action-response loci corresponding to slender 
systems possessing such imperfections are depicted in 
Fig. 1.2 (c). Imperfection locus (1) relates to the
path of certain members capable of carrying loads 
higher than P . This locus has no theoretical 
maximum load (except due to plasticity onset) and 
the effects of any initial imperfections have
largely disappeared as w^ gets larger. It can 
therefore be concluded that the locus is imperfection 
insensitive. Imperfection locus (2) appertains to that 
quasi-linear systems with the maximum load converging
-19-
with the critical load Pc as wm  increases. J t is
essentially unaffected by the presence? of imperfect, i ons
and is therefore, effectively, imperfection
insensitive. Imperfection sensitive systems can be
represented by the case of combined plate and
(29)column buckling. A typical quasi-idealised
locus and the appropriate imperfection loci are
depicted in Fig. 1.3. It can be seen that any slight
increase in initial imperfection will significantly 
reduce the maximum load and any attempt to increase 
the load further will result in a dynamic snap 
buckling; such systems are therefore extremely 
imperfection sensitive.
1.3 SUBMARINE PIPELINE BUCKLING
1.3.1 Historical Resume
The earliest published work on the effect of axial
loads upon the submarine pipeline buckling behaviour
was undertaken by Hobb^^O) an$ subsequently corrected
(21)by Taylor and Gan. Their studies relied heavily
on similar work established in the related field
(30-45)of rail track and crane rail buckling.
It is to be noted, however, that substantial 
differences exist. The primary difference between
submarine pipeline and rail track buckling studies lies 
in the nature of the axial and lateral friction 
resistances of the structure/supporting medium
-20-
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interlace. While it can be said that the axial and 
lateral friction resistance forces between the 
submarine pipeline and the sea bed foundation are 
effectively continuous, the friction resistance 
forces between the rail track and the ballast 
foundation are of discrete form. The axial friction 
resistance exerted by the ballast on the rail 
-tie structure, as depicted in Fig. 1.4 (a), consists
of the friction forces between the ballast and the 
bottom surface of the ties, and the pressure on the 
vertical tie surface. In the case of the lateral 
friction resistance, the friction forces occur between 
the bottom surface and the two long sides of the ties 
and the ballast, as well as the pressure on the 
front surface of the ties, as shown in Fig. 1.4 (b). 
In the rail track analyses, however, it is assumed 
that the resulting axial and lateral friction 
resistances are continuous and the rai1-tie structure 
is replaced by an equivalent beam of uniform cross- 
section. Such intepretations are superfluous in
submarine pipeline studies.
With regard to these latter buckling studies,
the five established lateral buckling modes which
relate to snaking movements across the sea bed are
(70 211illustrated in Fig. 1.5: ' Axial and lateral
displacements are denoted by u and w respectively.
The appropriate buckling lengths are denoted by L,
and L , whilst L represents the so-called slip length. 2 s
-22-
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Axial friction resistance is generated through the slip 
lengths whilst lateral friction resistance occurs 
through the buckling lengths. The vertical buckling 
mode which involves part of the pipeline buckling out 
of the sea bed can also be represented by Fig. 1.5 (a) 
except that w is now replaced by v, the appropriate 
vertical displacement.
1.3.2 The Buckling Mechanism
As previously inferred, stability analyses of 
submarine pipelines may be grouped into two main 
categories: pipelines buckling laterally across the sea 
bed and pipelines buckling vertically up from 
the sea bed. Although actual pipeline buckling may 
proceed in a more complicated manner, the choice of 
these two special modes of deformation is made 
in order to reduce the problem to two dimensions and 
thus to simplify the resulting analysis. Modal 
interaction can then be considered as required.
It is proposed, initially, to discuss the essential 
features of the mechanism involved; the mathematical 
features of the appropriate field and functional 
equations will then ensue. A typical submarine 
pipeline buckling topology is given in Fig. 1.6 which 
depicts the essential details of lateral mode 1 
before and after buckling. A uniform temperature 
rise, T, in a perfectly straight pipeline will create 
an axial compression force due to constrained
-25-
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thermal expansion as illustrated in Fig. 1.6 (a).
Taking the structural response, at least initially, to
be within the elastic range of the pipeling response
(gross sectional distortion as associated with laying 
(17)operations is not a factor here), this force can
be represented by
P = AEccT (1.6)o
where oc is the respective coefficient of linear thermal 
expansion of the pipe. Whilst thermal effects are 
presently of primary concern to this study, it 
should be noted that PQ can also be created by the 
pressure difference p across the wall of the pipe which 
produces a free axial strain
E = || (0.5-^) (1 -7)
where v is the Poisson’s ratio, r is the radius
and t is the wall thickness of the pipe. If this free
axial strain £ is fully restrained, the axial
compression force generated, PQ, noting equation (1.7),
takes the form
P = AEE = & E  (0.5-tf) n-8>o t
With oil and gas temperatures potentially ranging up to 
100°C above that of the water environment and 
operating pressures over 10 N/mm , these effects can 
produce very significant axial compression forces, P .
- 27-
Fig. 1.6 (a) indicates that this pre-buck!ing force P 
is set up in the absence of any permitted straining.
At the onset, of buckling, as shown in Fig. 1.6 (b), 
part of the constrained expansion is released
in the buckled region which, taken together with the 
friction resistance of the sea bed/pipeline interface, 
results in a reduction in the axial compression to some 
buckling force P. Axial friction resistance f^q is
generated per unit length of pipe through the
slip length Ls whilst lateral friction resistance f^q
occurs per unit length of pipe through the buckling 
length 2L. The nature of these friction forces, 
together with that of the similar sea bed recovery 
parameter f^q introduced in Section 1.3.4, are
of major importance to this study. They relate to the 
proportion of the pipeline’s self-weight per unit 
length, q, which is frictionally active at any state 
of deformation; that is, and f^ (together with
are such that
(1.9)
where ^  and 9^  are the respective axial and lateral 
friction coefficients. To-date, the established fully 
mobilised analyses have employed the simplifying
-28-
non-conservative assumption that
f = d f = 6 f = 1. The non-linear, deformation A L L M
dependent nature of these parameters is suggested in 
Fig. 1.6 (b) by virtue of the non-linear axial force
distribution attributed to the slip length Lg. 
Detailed definition and discussion of these three 
parameters is given in Chapter 2.
1.3.3 Boundary Conditions
Submarine pipeline stability analyses involve, with one 
notable exception denoted below, five distinct 
behavioural regions; the flexural region of buckling 
length 2L, the two adjoining slip length regions, each 
of length Ls and subject to axial friction resistance,
and two ’quasi-infinite' regions for
Jxl ^ L + Ls which are only subject to prebuckling
axial compression PQ = AEocT. Lateral mode od is unique
in as much as the entire run of pipe is taken
to be subject to buckling action, with L =0. Thes
symmetrical nature of the vertical mode and lateral
modes 1 and 3 and the skew-symmetrical nature of
lateral modes 2 and 4 are to be noted. These
features will be exploited in the ensuing analyses.
Lateral mode co is also taken to be symmetrical i The
aforementioned behavioural regions are delineated by
the boundary conditions appertaining to the respective
modes. Consideration of these conditions is initially
given in the context of lateral mode 1.
- 2 9 -
Referring to Figs. 1.5 (a) and 1.6 (b), then, at the
centre!ine, x = 0, symmetry logic demands
W'x  I 0 = _EIw'x x x lo  = 0 (1.10)
Physical or, rather, kinematic conditions take the form
W |l = W 'x Il = U|L+L = 0  (1.11)S
The conditions given in equation (1.11) can be termed
(37)’variable matching c o n d i t i o n s a s  the respective
locations x = L, L + L are variable; that is,s
L and L.s are variable. This is due to the fact that 
the pipeline is not physically attached to the
( 47  4 8 )sea bed foundation. ' The axial strain can also
be prescribed at location x - L. Noting the slip
length details given in Fig. 1.7, then
fL +L C-u = ccT(L +L-x)- \ Ss Jx AE dx (1.12)
in which
■L +Lf
C = P - \ S 3x (1.13)x o Jx . A
Differentiating equation (1.12) with respect to x, 
noting equation (1.13), gives
■L_+L
= ccT - (Px
r L 
u,  -\ s f.q dx) /AE (1.14)'  o Jx A J
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u = 0x —
(a) Equilibrium
c::
«T(Ls+L-x)
< = ^ l
(b) Compatibility
I
u=0
Fig. 1-7 S lip  L en gth  D etail
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Noting equation (1.6), the axial strain at the buckling 
length/slip length interface takes the form
rL +L f q (P -P)
Uf I = \ s dx =   (1.15)X IL JL AE x AE
Again noting the variable nature of L and Lg, then
in addition to the usual boundary and matching
conditions for fixed matching points, two additional
(321' transversal ity' conditions v , at x = L and at
x = L , are needed for the determination of thes
unknowns L and Lg. A requirement of the slip length 
is that behaviour is purely axial with
Mlx  = Wlx  = 0 fo r  L ^ x ^ L+Ls (1.16)
consequently, there can be no flexural moment at
x = L. The required condition is therefore
EIw, |T = w, |T = 0 (1 .17)xxIL xxlL
This condition is often termed to be a ’transversality’
condition and can be alternatively derived employing
C 32 vthe Calculus of variations with subsidiary
(491conditionsv introduced in the form of Lagrange
multipliers. These involve, for example, stipulation 
of the condition given in equation (1.16). A further
1 transversality’ equation is available from equation
(1.14) with x = L + Ls such that
U 'XIL+L = ° (1’18)
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With regard to the remaining buckling modes, the 
necessary expressions arc; delineated in Table 
1.1. The only condition which perhaps requires 
additional consideration is that relating to the shear 
force at the ends of each buckle length in lateral 
mode oo . The? problems involved in determining 
the nature of any concentrated reaction being 
provided by the sea bed supporting medium have been 
discussed elsewhere.^^' With regard to
lateral mode 1, a lateral shearing concentrated
reaction of ^  f^qdx will be provided in order that
lateral equilibrium be maintained. This reaction is
not developed, however, without an internal shear force
of this magnitude first being provided within the
pipe - this feature is observed from the appropriate
analysis although it is unnecessary for it to
be a prescribed boundary condition (note Section
1.4.2). Similar situations apply to all modes at the
respective buckle length/slip ' length interface.
Further, lateral modes 2, 3 and 4 provide for
continuation of shear force with no generated shear
reaction from the supporting medium at all discrete
buckle length interface locations or buckling nodes
(w = 0). In the exceptional lateral mode oo case,
however, self-equilibrating concentration of contact 
(32)pressures are generated as support reactions in the
vicinity of the buckling nodes such that the internal 
shear force is null.
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BUCKLING MODES
Lateral 1 Lateral 2 Lateral 3 Lateral 4 Lateral “ Vertical
“ 'xl<f°
w,xxxlo-®
"Icf0
w 'xxl<T0
w1,xlo=0
w1'xxxlo-^
vil<r° 
W1 'xxlo-^
w 'xlo=0
w,xxxlo~^
v'xl(f0
V'xxxlcT^
W^ 1 'x=w2'x^l
‘V x x' V x x 'Il ,
W^ 1 ,xxx=w2'xxx^l
W2| L,
(transversality)
w|L=°
w 'x |l =0
w, |T =0 'xx|L(transversality)
“2lL=0
“2'x Il =0
"2'xxllT0(transversality)
wIl =0
w 'x x Il=0
w 'x x xIl ~^(unique)
v Il =0
V'x|L=0
v 'x x Il -0(transversality)
ul ^ s-°
u ,x Il +l =0 s
(transversality)
U-X|l =(Po-P,/AE U 'xlL=(Po-p-Pa,/AE
Table 1.1 Boundary Conditions
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1.3.4 Derivation of Field Equations
The five regions appertaining to submarine pipeline 
stability analyses have been delineated in Section 
1.3.3. The appropriate field equations can be
most conveniently derived in the ensuing novel manner. 
With regard to the flexural region. Fig. 1.8 depicts 
the topology appertaining to a typical flexural 
element of a lateral buckling mode. Bending moment 
and shear force are denoted by M and F respectively. 
Considering the transverse equilibrium of the 
elemental pipe 8x, then 8f = f^q8x, so that
F,x = fLq (1.19)
Taking moment about point 0 gives
M + 6m - M = -(F+6f )Sx - p6w + fLq(6x)2/2 (1.20)
which yields, ignoring second order differentials 
(8f8x ) and (8x)2/2,
-F = M, + Pw, (1.21)'x x
Differentiating equation (1.21) with respect to x, 
noting the appropriate linearised moment-curvature 
expression M = EIw,xx , affords
F, = -EIw, - Pw, r (1 .22)'x 'xxxx XX
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wM+bM
F+6F
P i
6w
M M+bMF+6F -►x
Fig. 1-8 Flexural Topology
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Finally, equating equation (1.22) with equation (1.19) 
yields the linearised flexural field equation
EIW'xxxx + PW'XX = -fLq 0 < x < L (1.23)
As a corollary, the appropriate linearised flexural
field equation for the vertical buckling mode
can be similarly derived, with w and f q beingLi
replaced by v and f^q respectively. Hence the
vertical mode equivalent to equation (1.23) can be 
rewritten
EIv. + Pv, = -fMq 0 ^ x < L (1.24)'xxxx 'xx M
The parameter f^ is such that f^q is the effective
self-weight per unit length of the pipeline at any 
given state of deformation, such that, as previously 
mentioned, 0 < f^ < 1. The reasoning behind the
introduction of f|^  is that as the pipe lifts off the
sea bed, some component of the self-weight is
taken up by the recovery, on unloading, of the sea bed 
medium.
With regard to both lateral and vertical buckling 
cases, the topology of the slip length region, 
L ^ x < L - » L s, is depicted in Fig. 1.7. Axial
compression is denoted by Cx. Considering the
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longitudinal equilibrium of the elemental pipe 8x, as 
shown in Fig. 1.7 (a), then 8c f qSx, so thatX A
C , = f ,q (1.25)x x A^1
Incorporating the appropriate thermal effect detailed 
in Fig. 1.7 (b), compatibility yields the expression
given in equation (1.12). Differentiating equation 
(1.12) with respect to x affords
C = AE(aT - u , ) (1 .26)x x
Substituting equation (1.26) into equation (1.25) 
yields the linearised slip length field equation 
AEu,xx = -fAq L « x « L+Lg (1.27)
The above formulations represent a novel vectorial
mathematical interpretation of the submarine pipeline
buckling system. Elsewhere, derivation is made
using a rather more lengthy Calculus of Variations 
(32)approach. The foregoing considers the submarine
pipeline buckling system to be of quasi-linearised 
elastic form and deformations requiring that checks be 
made upon the appropriate limiting stresses. 
As discussed previously, established a n a l y s e s ^  
have employed the simplifying assumption that
f /d> = = f.. = 1; that is, the frictional andL L A A M
self-weight forces are taken to be ful1y-mobi1ised
throughout. Solution schemes are thereby more
readily determined but consequently suffer distinct
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limitations. It, is proposed to set out the established 
analyses, suitably corrected, employing the equations 
delineated as above in order that the) developed studies 
given later may be placed in context.
1.3.5 Interface Compatibility
Having established the appropriate boundary conditions 
and field equations for both the buckling and
slip length regions, it is now necessary to set up a 
matching compatibility expression at the interface of 
the buckling and slip lengths, that is at x = L,
in order to combine the buckling length and slip length 
analyses. Noting Fig. 1.9, the axial movement of the 
pipe within the buckling region can be expressed
in the form
u = ocTx - Px/AE - (w, dx 0 ^ x ^ L (1.28)JU X
Noting Fig. 1.5 (a), then with regard to lateral mode 
1, at the buckle length/slip length interface
(x - L), equation (1.28) becomes
(P -P)L _T 9
U |L = Us = — h  *So (W’x) dx n -29)
Equation (1.29) remains valid for lateral mode 2 and, 
substituting v for w, the vertical mode. For 
lateral modes 3 and 4, then, noting Figs. 1.5 (c) and
-39-
tf=>
>x
Fig. 1*9 Interface Compatibility
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(d), equation (1.29) takes the form
<P0-P)L (w1,x)2dx +u AEs
Equation (1.29) is also valid for lateral mode oo ,
although it is of trivial form (u - L - 0).s s
Either equation (1.29) or (1.30) can now be used in
conjunction with equation (1.27) subject to the 
necessary integration.
1.3.6 Primary Parameters
Essentially, the displacements u and w (v in the
vertical mode) represent the basic analytical 
parameters in the study - note Fig. 1.5. Given this 
and the previous discourse on the boundary conditions, 
then, for engineering purposes, the structural response 
is defined in terms of P, w, L and cr^ , where <x
represents the maximum stress induced in the pipe,
for any given action T(P ). Noting equation (1.5),
the maximum stress can be expressed in the form
where Mm  is the maximum bending moment for any given 
temperature rise T. Parameters usand Ls can also be
obtained but they are of secondary importance.
°m = P/A + Mmr/I (1.31)
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1.3.7 Geotechnical Factors
The nature of the pipeline/sea bed interlace has 
been shown to be both important and complex.
The geotechnical parameters , f^  and f^ have
been introduced and defined. Further study of
these crucial parameters is given in the following
chapter. In addition, the employment of simple
beam t h e o r ^ ^  in conjunction with an effectively
rigid sea bed has led to the existence of trans­
versality and associated conditions and the compat­
ibility statement. It is also to be noted that the 
eccentricity of f^q&x and f^qBx from the pipe
centreline is neglected as is the effect of axial
friction force resistance within the buckling region
(32)for the lateral mode studies. Considerable
effort is necessary to mathematically model the various 
geotechnical effects but, prior to such incorporation, 
it is proposed to set out the established analyses 
which avoid the associated complexities by means of 
employing the corresponding fully mobilised forces.
1.4 FULLY MOBILISED QUASI-IDEALISED ANALYSES
1.4.1 Introduction
As noted previously, the following quasi-1inearised
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analyses employ fully mobilised geotechnical/frictional 
forces with fA/(/>^  = f^/^ = j^vj = ** Further,
the pipeline's material or constitutive response is 
taken to be of linear ealstic form.Topologically,linear 
kinematic behaviour is assumed, with, for example, 
pipeline slopes in excess of 0.1 radians implying 
violation of the respective analysis. Most of 
the ensuing expressions relate to work initially 
carried out in the field of rail track buckling. 
However, noting the previous studies given in 
Sections 1.3.3 - 1.3.5, the basic expressions
given herein are presented in terms of the appropriate 
vectorial field equations rather than as derivative 
expressions of the Calculus of Variations.
The numerical values for the various parameters 
involved are given in Table 1.2 together with a 
variety of ^  and ^  values between 0.1 and 0.7.^^'^^
1.4.2 Lateral Mode 1 Analysis
The essential features of lateral mode 1 are shown 
in Figs. 1.10 (a) and (b) which depict the fully
mobilised topology and axial force distribution 
respectively. The submerged self-weight of the
pipe per unit length is denoted by q whilst ^  q
and ^ q represent the respective fully mobilised
-43-
Parameter Symbol Value
External Radius r 325 mm
Wall Thickness t 15 mm
Sectional Area A 29920 mm2
Young's Modulus E 206 kN/mm2
Second Moment I 1.509 x 109 mm9
Self-weight q 3.8 kN/m
Yield Stress ay 448 N/nrai2
Thermal Coefficient a 11 x 10-£7°C
Table 1.2 Pipeline Parameters
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0Lq
i h  u  u  i  r n
i—
L=L- L=L
(a) Fully Mobilised Topology
(b ) Axial Force Distribution
Fig. 1-10 Fully Mobilised Lateral Mode 1 Model
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axial and lateral friction resistance forces per unit, 
length. The linearised flexural field equation,
noting equation (1.23), can be given by 
2w, + n w ,  = -m O ^ x ^ L  (1.32)'xxxx 'xx '
where r? = P/EI and m = ^q/EI. The appropriate
boundary conditions within the buckling region take 
the form
W' x l 0 = 0 (1.33)
- EIW'x x x lo  = 0 <1 - 34>
W |L = 0 (1.35)
w'xIl = 0 (K36)
w f It = 0 (transversality) (1.37)XA I Xj
The general solution of equation (1.32) is
2w = A.cos nx + A~sin nx + A~x + A. - mx (1.38)1 2 3 4 — =■
2nZ
where Aj , i = 1,2,3,4, are constants of integration. 
Substituting the boundary conditions given in equations
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(1.33) through (1.36) into equation (1.38) gives the 
lateral displacement expression
ml/w = -----
2 (nL) 2
2"*) - 2L_ _ 2 (cos nx - cos nL) 
^2 nL sin nL (1 .39)
Equating this expression with the transversality 
boundary condition given in equation (1.37) yields
tan nL = nL (1.40)
with the lowest non-trivial root affording
nL = 4.4934 (1.41)
Hence, the buckling force is evaluated by substituting 
for n, with
P = 20.19 EI/L2 ^  *42)
The maximum amplitude occurs at x = 0, noting 
equations (1.39) and (1.41), such that
4
wm = 3.8512x10 ^LqL (1.43)
“  -Ef—
and the maximum slope, at x = 0,398L, is given by
w'xm = 0-06926 0LqL (1.44)X “El
while the maximum bending moment, at x = 0, is
Mm = EIW'xxm =-°-27751 <t>^2 (1-45)
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the negative sign correctly indicating flexural 
compression to be acting on the lower part of 
the pipeline section. Further, the maximum compressive 
stress am  induced in the pipe, noting equations
(1.31), (1.42) and (1.45), takes the form
a = .2.9.:1?EI + 0.277510 qrL2/I (1.46)m AL2 L
Having established the relationships between w and L,
incorporating w , w, and cl,, and the bucklingm xm m
force P, it is now necessary to determine the 
dependence of P upon T(Pq ). This is achieved by 
considering the slip length characteristics. 
The linearised slip length field equation, noting 
equation (1.27), can be given by
AEu,xx = -0Aq L « x « L+Lg (1.47)
which yields the general solution, for the fully 
mobilised modelling,
“ ■
(1.48)
where Ik , i = 1,2, are constants of integration.
The appropriate slip length boundary conditions 
take the form
u Il +l = 0 (1-49)S
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u 'x Il +L = 0 (transversality) (1.50)s
u,..| T - o (1.51)XiL AE
Substituting equations (1.49) and (1.50) into 
equation (1.48) gives the axial displacement 
expression
u = - ^Aq T(L+L )2 + x (X-2L-2L ) 1 (1.52)
2AE I s S J
Differentiating equation (1.52) with respect to x and 
employing equation (1.51) affords
Ls = <Po“P)/{*Aq (1-53)
Substituting for Ls in equation (1.52) and 
incorporating the identity u|^ s us, then, for x = L, 
equation (1.52) yields
U = - (Po-p>2 (1.54)
2AE0ftq
The matching compatibility condition at the buckle/slip 
length interface, noting equation (1.29), takes the 
form
u = (P -PJL/AE -0.5^ (w, )2dx (1.55)s o  Jq x
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in which the integral term, noting equations (1.39) 
and (1.41), affords
L 20.51 (w. )2dx = 1 .0225x10-3^ 9 ) L7 (1.56)
J0 X \EI~/
Equating equation (1.55) with equation (1.54), 
noting equations (1.42) and (1.56), yields, upon 
manipulation,
P_ = 20.19EI + 0*qLO oIT
r -3 2 ^1 +2.045x10 AE
0Aq El
L I - 1 
(1.57)
Solutions for P0 are thereby obtained in terms of
discrete values of L and substituted into equation
(1.6) to determine T. Effectively, therefore,
for any given action T, structural response in
terms of w, P, L, wm , w,xm, Cj^ , u, Lg and us can
be determined noting equations (1.39), (1.42),
(1.43), (1.44), (1.46), (1.52), (1.53) and (1.54).
1.4.3 Lateral Mode 2 Analysis
The topology of lateral mode 2 is depicted in 
Fig. 1.5 (b). The formulation is similar to that
for lateral mode 1 with the linearised flexural 
field equation given in equation (1.32) which yields 
the general solution
where Aj , i = 1,2,3,4, are constants of integration.
The appropriate boundary conditions within the 
buckling region take the form
w|0 = 0
w, I f, = 0 'xxl 0
W|L = 0
(1 .59)
(1.60)
(1.61)
W,xIL = 0 (1.62)
w , |T = 0 (transversality)XX I 1j (1.63)
Employing the boundary conditions given in equations 
(1.59), (1.60), (1.61) and (1.62) on equation (1.58)
affords the lateral displacement expression
w = mL(nL)
nL . (nL)2 /x21 - cos nx + ^ s i n  nx - — ^— ^— 2 (1.64)
Equating this expression with the transversality 
boundary condition given in equation (1.63) yields
tan nL/2 = 0 (1.65)
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with the lowest non-trivial root affording
nL = 2it d  -66)
Hence the buckling load is evaluated by substituting
for n, with
P = 4tt2EI/L2 (1.67)
The maximum amplitude occurs at x = 0.3464 L,
noting equations (1.64) and (1.66), such that
4
w_ = 5.532x10~3 ^LqL (1 .6 8)m El
and the maximum slope, at x = 0 , is given by 
3
w,'xm = i2fLqL (1 .69)
4-jt2EI
while the maximum bending moment, at x = 0.299L, is
M = EIw, =-0. 10884jzLqL2 (1.70)m 'xxm
Further, the maximum compressive stress induced in 
the pipe, noting equations (1.31), (1.67) and
(1.70), takes the form 
2
a = + 0.10884szSTqrL /I (1.71)
m AL2 L
The formulation appertaining to the slip length 
region is identical to that of lateral mode 1; 
equations (1.47) through (1.55) remain valid,
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except that the integral term in equation (1.55), 
noting equations (1.64) and (1.66), is now given by
fL 2 -5 ^ 15 Y2 1,70.5^ (w,x) dx = 8.715x10 (1.72)
As previously, equating equation (1.55) with equation 
(1.54), noting equations (1.67) and (1.72), yields, 
upon manipulation,
P = 47T2EI + 0 qLO o **L
(1 + 1.743x 10-4AE
I-
 
'
t—I
HIMin•4CN
\ “a* _EI -
(1 .73)
the full solution set being determined as previously.
1.4.4 Lateral Mode 3 Analysis
The topology of lateral mode 3 is detailed in 
Fig. 1.5 (c). It can be seen that the linearised
flexural field equation for the buckling region, 
0 <: x <: L^, is similar to that given in equation (1.32) 
with w now replaced by w^, that is
W1'xxxx + n2w1'xx = 0 < X « L, (1.74)
For the buckling region, x ^ L, in which the
lateral friction resistance acts in the opposite 
direction to that of the above buckling region, 
the appropriate linearised flexural field equation is 
given by „
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2w0, + n w~, = m L- ^ x L (1.75)2 'xxxx 2 'xx 1
The respective general solutions of equations (1.74) 
and (1.75) are
2= A-cos nx + A^sin nx + A_x + A . - mx (1.76)1 I £ J ** n2n
and
2w2 = A5cos nx + Agsin nx + A7x + + mx (1.77)
2n2
where Aj , i = 1,2,3,4,5,6,7,8, are constants of
integration. The appropriate boundary and matching
conditions take the form
W„ f |T = W0 f I (1.83)1 'xxxl L«j 2 xxxl
w2|L = 0 (1.84)
W2'xI L = 0 (U85)
W2 |L = 0  (transversality) (1 .8 6)
w_ , |_ = 0 (transversality) (1.87)z xx i J-i
Substituting all the boundary and matching conditions 
given in equations (1.78) through (1.87) into 
equations (1.76) and (1.77) yields
nL1 = 2.918 (1.8 8)
and
nL = 7.551 (1 .89)
as the lowest non-trivial roots, with
A, = 5.3809x10-2 mL^ (1.90)
A2 = 0 (1 .91)
- 5 5 -
= 0
= 0.11121 mL
(1.92)
(1.93)
A^ = 2.6905x10 3 mL^ (1.94)
Ag = 6.2778x10 3 mL^ (1 .9 5)
A7 = -0.23567 mL3 (1.96)
Ag = 0.20089 mL* (1 .97)
It can be seen that buckling region involves
larger lateral displacements than that of buckling 
region L^- Consequently, the appropriate buckling 
force is evaluated by substituting equation (1.8 8) 
for n, with
P = 8.515 EI/L^ (1‘98)
The maximum amplitude occurs at x = 0, noting 
equations (1.76), (1.88), (1.90), (1.91), (1.92)
and (1.93), such that
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= 0.16512 <t> qL* 1m 1El
(1.99)
and the maximum slope, at x = 0.6271^, is given by
w , = 0.22542 0T qL.1'xm 13 (1 .1 0 0)
El
while the maximum bending moment, at x = 0 , is
M = EIw-, =-0.57562 0.qL? (1.101)m 1'xxm 1
Further, the maximum compressive stress induced in the 
pipe, noting equations (1.31), (1.98) and (1.01),
takes the form
o- = 8.515EI + 0.57562 0TqrL^/I (1.102)m ----~—  ■LjAL^
The formulation appertaining to the slip length 
region is analogous to that of lateral mode 1 
with equations (1.47) through (1.54) remaining
valid. Noting the appropriate lateral mode 3
topology depicted in Fig. 1.5 (c), the matching
compatibility condition at the buckle/slip length 
inteface, given in equation (1.30), now takes 
the form
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us = < V P)L " 0-5 S o 1(w1'x)2dX +^L1(W2'x,2dX (1-103)
AE
Noting equations (1,76), (1.77), and (1.88) through 
(1.97), equation (1.103) can be rewritten
Equating the expression with equation (1.54) yields
(1.105)
The full solution set being determined as previously.
1.4.5 Lateral Mode 4 Analysis
The topology of lateral mode 4 is illustrated 
in Fig. 1.5 (d). The formulation is similar to that 
of lateral mode 3 with the linearised field equations 
given in equations (1.74) and (1.75) yielding the 
appropriate general solutions
2w.j = A^cos nx + A2sin nx + A^x + A^ - mx (1.106)
Ug = 2.588 (Pq-P)L1 - 1 .7878x10""2  ^ 2 (1 .104)
AE
= 8.515EI + 2.5880,qL^O q A I
LZ
2n2
and
w2 = ^5cos nx + nx + ^7X + A8 + — (1.107)2n
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where Aj , i = 1, 2, 3,4, 5, 6, 7, 8, are constants of
integration. The appropriate boundary and matching 
conditions take the form
wl!o = 0 (1.108)
W 1'xxl0 = 0 (1.109)
w iIl „ = W 2Il, (1 .110)
W 1'x|Ll = w2'x|Ll
W 1'xxlL = W (1 .1 1 2)
W 1 'xxxIl. W2 'xxxIl„ (1.113)
w2|L = 0 (1.114)
w2'xl L = 0 (1.115)
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w2l L =  ^ (transversality)
w 2'x x Il = 0 (transversality)
Substituting all the boundary and matching 
given in equations (1.108) through (1. 
equations (1.106) and (1.107) yields
nL^ = 5.31 
and
nL = 8.54
as the lowest non-trivial roots, with 
A 1 = -1 .271x10~3 mL«j
A2 = 3.814x10”3 mL^
A3 = 2 . 034x10""2 mL3
A. = 1.271x10~3 mL*4 1
(1 .116)
(1.117)
conditions 
117) into
(1.118) 
(1 .119) 
(1 .1 2 0) 
(1 .1 2 1) 
(1 .1 2 2) 
(1.123)
-60-
A 5 = 1. 338x10~* mL* (1.124)
A6 = 1.740x10”3 mL* (1.125)
A? = -5.059x10~2 mL3 (1.126)
Ag = 3.425x10~2 mL* (1.127)
It can be seen that buckling region involves larger 
lateral displacement than that of buckling region L2-
Consequently, the appropriate buckling force is 
evaluated by substituting equation (1.118) for n, with
P = 28.20 EI/L2 O -128)
The maximum amplitude occurs at x = 0.40L^, noting 
equations (1.106), (1.118), (1.120), (1 .1 2 1),
(1.122) and (1.23), such that
w, = 1 .047x10 2 ?STqL!? (1.129)1 m li 1El
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and the maximum slope, at x = 0, is given by
w 1 'xm = °-04059 ^Lq L 13 (1.130)El
while the maximum bending moment, at x = 0.359L^, is
,2 (1.131)— 9  V • I T W w V ys T ^  —mM  = EIW1 'xxm =-°-14880 V L 1
Further, the maximum compressive stress induced in 
the pipe, noting equations (1.31), (1.128) and
(1.131), takes the form
cr = 28.20EI + 0.14880 aLqrL2/I (1.132)m  ~—  rL 1
AL^ j
The formulation appertaining to the slip length 
region is similar to that of lateral mode 3, that is, 
equations (1.47) through (1.54) remain valid. 
Further, the matching compatibility condition 
at the buckle/slip length interface given in equation 
(1.103), noting equations (1.106), (1.107) and (1.118)
through (1.127), yields
Equating this expression with equation (1.54) affords
the full solution set being determined as previously.
1.4.6 Lateral Mode oo Analysis
The topology of lateral mode oo is depicted in Fig. 1.5 
(e). The formulation is similar to that of lateral 
mode 1 with the linearised field equation being as 
given in equation (1.32) yielding the general 
solution
2w = A^cos nx +A2Sin nx + A^x + A^ - mx (1.135)
2n2
where Aj , i = 1,2,3,4, are constants of integration.
The appropriate boundary conditions within the buckling 
region take the form
/ _4 r _2 528.20EI + 1 .6080^. 1+2.143x10 AE 0 q L.
- 7 2 —  A 1 v 1
(1 .134 )
(1 .136)
-EIw xxxl 0 0 (1 .137)
(1 .138)
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W, lL = 0 (1.139)
-EIw ,x x x |l = 0 (unique c o n d i t i o n ) (1.140)
Substituting the boundary conditions given in equations 
(1.136), (1.137), (1.138) and (1.139) into equation
(1.135) affords the lateral displacement expression
2 2 2 2 1 + n L - n x - cos nx
2 2 cos nL
(1.141)
Equating this expression with the unique condition 
given in equation (1.140) yields
tan nL = 0 (1.142)
with the lowest non-trivial root affording
nL = 7T (1.143)
Hence, the buckling force is evaluated by substituting 
for n, with
P = 7T2EI/L2 (1 .144)
The maximum amplitude occurs at x = 0, noting 
equations (1.141) and (1.143), such that
wm = 7.1192x10~2 0LqL4 (1.145)
“El
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and the maximum slope, at x = L, is given by
w, = 0.10132 0TqL3 (1 .146)xm L^ 1
El
while the maximum bending moment, at x = 0, is
2 (1.147)M = EIw, =-0.20264 0TqL m 'xxm ^Ij
Further, the maximum compressive stress induced in 
the pipe, noting equation (1.31), (1.144) and
(1.147), takes the form
<j = 7t2EI + 0.20264 <f>T qrL2/I (1.148)m AL
It is to be noted that this mode is unique in 
as much as the entire run of the pipe is taken to be 
subject to buckling action with u& = Ls = 0.
Consequently, the compatibility expression given in 
equation (1.29) can be rewritten
<VP)L = 0.5(L (w , ) 2dx (1.149)
—  AE J0 X
which yields, noting equations (1.141), (1.143) and
(1.144),
p0 = 7t2e i + 3.0112x10""3 AE/0Lq\2 L6 (1.150)
2  v  L  V E I
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the full solution set being determined as previously 
except that u, u£ and Ls do not exist in this mode.
1.4.7 Vertical Mode Analysis
The essential features of vertical mode are depicted 
in Figs. 1.11 (a) and (b) which show the fully
mobilised topology and axial force distribution 
respectively. The linearised flexural field equation, 
noting equation (1.24), can be given by 
2v, + n v , = - m  0 x <: L (1.151)'xxxx 'xx x
2where n = P/EI and m = q/EI. The appropriate
boundary conditions within the buckling region take 
the form
(1.152)
-EIv xxxl 0 0 (1 .153)
(1.154)
(1 .155)
v 'x x Il = 0 (transversality)
- 6 6 -
(1.156)
q(a) Topology
la = 0AclL
(b) Axial Force Distribution
Fig.1-11 Vertical Mode -  Details of 
Fully Mobilised Model
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The general solution of equation (1.151) is
2
v = A,cos nx + A,sin nx + A,x + A. - mx_ (1.157)
1 2 2n
where A-f , i = 1,2,3,4, are constants of integration.
Substituting the boundary conditions given in equations
(1.152) to (1.155) into equation (1.157) affords the 
vertical displacement expression
_ 4 v = mL
2<nL)2
21 - x_ - 2 (cos nx - cos nL) 
2 nL sin nLL
(1.158)
Equating this expression with the transversality 
boundary condition given in equation (1.156) yields
tan nL = nL (1.159)
with the lowest non-trivial root affording
nL = 4.4934 (1.160)
Hence, the buckling force is evaluated by substituting 
for n, with
P = 20.19 EI/L2 (1.161)
The maximum amplitude occurs at x = 0, noting 
equations (1.158) and (1.160), such that
v = 3 .8512x10~2 qL4 (1.162)
m El
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and the maximum slope, at x = 0.398L, is given by
3 (1.163)v, = 0.06926 qL
xm h ~
while the maximum bending moment, at x = 0, is
2 (1.164)M = EIv. =-0.27751 qLm 'xxm ^
Further, the maximum compressive stress induced in the 
pipe, noting equations (1.31), (1.161) and (1.164),
takes the form
cr = 20.19EI + 0.27751 qrL2/I (1.165)in ^
AL
The linearised slip length field equation, noting 
equation (1.27), can be given by
AEu,xx = q L ^ x « L+Lg (1.166)
which yields the general solution, for the fully 
mobilised modelling.
u = ~(*Kq )x2 + B1X + B2
\AE / 2
(1 .167)- - y  - Z
■ 7
where B-( , i = 1,2, are constants of integration.
The appropriate slip length boundary conditions 
take the form
U| = 0  (1.168)
s
-69-
u 'x Il +L =  ^ (transversality) (1.169)s
u 'xlL = (Po'P) - Pa (1-170)AE
It is to be noted that the parameter Pa occurs
only in the vertical mode slip length modelling - note 
equation (1.15). Pa is, essentially, the.axial force
component frictionally induced on the pipe by the 
vertical shear reaction at the buckle/slip length 
interface. Noting Fig. 1.11, this force can be 
represented by
P = $zL qL (1.171)
Substituting equations (1.168) and (1.169) into 
equation (1.167) gives the axial displacement 
expression
u = - 2AE
(L+L )2 + x(X-2L-2L )S 5 (1.172)
Differentiating equation (1.172) with respect 
to x and employing equations (1.170) and (1.171) 
affords
L = (P0_P) “ 9SAqL O  -173)s — 0Aq
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Substituting for Ls in equation (1.172) and 
incorporating the identity u ug, then for
x = L, equation (1.172) yields
u = - <Po-P-*!>AqL)2 (1.174)s 2AE0Aq
The appropriate matching compatibility condition at the 
buckle/slip length interface, noting equation (1.29), 
takes the form
u = (P -P)L - 0.5\L (v , )2dx (1.175)s o xAE
which can be rewritten, noting equations (1.158) 
and (1.160),
u= = (P„"P)L “ 1 -0225x10‘3/ q ) 2 L7 (1.176)S °AE
Equating this expression with equation (1.174) affords
(PQ-P)2 = 2.045x10“3 0ftq3AEL7 - (0AqL)2 (1.177)
(El)2
which can be further simplified, noting equation 
(1.161), to
-71-
2.045x10 JAE02.qLJ-(02.EI)
the full solution set being obtained as previously.
It should be noted that as a result of assuming 
fully mobilised axial friction resistance, the 
vertical mode modelling can be shown to be invalid 
at small values of vertical displacement. Clearly, 
noting Fig. 1.11 (b),
(1.179) into equation (1.177), there is the requirement
which affords the corresponding maximum amplitude, 
noting equation (1.162), such that
It can be noted, however, that the above restrictions
do not apply when v = L = 0 since (P - P) = P = 0m o a
at this state - note equations (1.171) and (1.177) - 
although the asymptotic behaviour of the present model
(1.179)
whereupon, substituting equations (1.171) and
(1.180)
9.5031q^-q/FT,2l4/5 (1.181)
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precludes this from being of value to the analyst.
Further, these restrictions on the established
r? i i u • i j i j it- (20,31,36,37,50)fully mobilised vertical modelling
as denoted in equations (1.180) and (1.181) have not 
been previously reported.
1.4.8 Discussion
Results are presented for a variety of axial 
and lateral (<^) friction coefficients between 0.1 and 
0.7.^^'^^ Considering ' first the lateral modes, 
Fig. 1.12 shows the comparison of all the lateral
modes with (j>^ = <j>^ = 0.5. Minimum ’safe’ temperature
rise, T . , is defined as the minimum temperature risem m
at which buckling occurs. It can be shown that lateral
mode 4 has the lowest value of T . Other comb-min
inations of friction coefficients, using a range of (f>^ 
and ^  between 0.1 and 0.7, have been analysed
(not shown) to ensure that lateral mode 4 is indeed
the critical lateral mode. Figs. 1.13-1.16 depict the 
graphs for lateral mode 4 using various combinations
of <h and d> . The appropriate values of T . ,TV rL min
together with the corresponding values of maximum 
amplitude, w^m and buckling length at the minimum
safe temperature rise state, are given in Table 1.3. 
It can be seen that an increase in results
in an increase in T . and decrease in them m
-73-
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0L \ 0 0.1 0.3 0.5 0.7
0 0 0 0 0 T . (°C) m m
0 oo 00 OO 00 OO w 1m(m)
00 00 00 00 00 L1 (m)
0 18.5 21 .5 22.7 23.4 Tmin<°C)
0.1 oo 1 .45 1 .01 0.87 0.80 w 1m(m)
oo 103.1 94.3 90.9 88.9 L1 (m)
0 28.2 33.4 35.8 37.4 T . (°C) min
0.3 00 1 .93 1 .32 1.11 1 .00 w 1m(m)
oo 84.2 76.6 73.4 71 .5 L1 (m)
0 34.1 40.8 43.9 46.0 Tmin(°C)
0.5 00 2.20 1 .50 1 .27 1 .14 w1m(m)
00 76.6 69.6 66.7 64.9 L- (m)
0 38.7 46.4 50.1 52.6 Tmin(°C)
0.7 00 2.41 1 .64 1 .38 1 .23 w 1m(m)
oo 72.0 65.4 62.6 60.9 L1 (m)
Table 1.3 Action-Response Data at Tmin State for 
Lateral Mode 4
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corresponding values of and L y an increase in
however, results in increasing and w, butm m  im
decreasing L y  With regard to the vertical mode.
Fig. 1.17 depicts the temperature rise against buckling 
length for a set of axial friction coefficients, 0^.
All the loci in this figure posses deformations
beyond their respective invalid lower ranges; note
equations (1.180) and (1.181). These lower ranges of
invalidity are subject to the geotechnical and pipeline
f 511parameters employed. The 0.1 radian limitv J
appertaining to linearised analyses is indicated on
Figs. 1.13-1.17 and shown by the dashed loci in
Fig. 1.12. The important minimum safe temperature
rise, T . , states of all the lateral modes depictedm m
in Fig. 1.12 are within this limit. It is apparent 
from Figs. 1.12-1.17 that all the lateral modes,
except lateral mode oo which can be considered to be
of academic interest only^^ , occur at a lower
temperature rise than the vertical mode. The
lateral modes are therefore dominant unless lateral 
restraint is provided by trenching. Modal interaction 
also becomes possible noting this latter consideration.
At this stage, an overview is essential. The results
given in Fig. 1.12 are at variance with those 
given by Hobbs^^ , wherein lateral mode oo is claimed
to be the critical mode. It could be argued that as 
action (temperature rise) is a distributive action,
-78-
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a distributive response (that is, lateral mode oo
wherein the pipeline buckles fully along its length) 
is to be anticipated. However, the modelling
employed, in no way at variance with that employed by 
Hobbs does not afford this to be the critical
response. This finding has subsequently been
verified and acknowledged by Hobbs^^ in later work.
Indeed, lateral mode 4 could be argued to be a 
semi-infinity mode - note Fig. 1.5. Lateral modes 
1 to 4 can be considered to be localised buckling
( O O \mode forms of lateral mode co ; indeed, perhaps
this is the only practical role for this singular case.
Further, all the lateral mode action-response
loci depicted in Figs. 1.12-1.16 approach the
thermal axis asymptotically; this is a consequence
of assuming fully mobilised lateral friction resistance 
even for vanishingly small lateral displacements.
This can be observed from consideration of, for
example, equation (1.32),' wherein, applying the
critical state criterion
w, = 0  (1.182)'xx
affords the loading intensity to be
w -xxxx = * 0 (1-183)
Regarding the vertical mode, asymptotic behaviour is
similarly caused by assuming the self-weight to be
-80-
fully mobilised. There is also the additional
problem of defining the axial friction resistance
force in a manner which overcomes the previously
denoted inherent limitations involved when using a 
fully mobilised axial resistance force modelling 
(v > 0). As in lateral buckling, the invalidity of 
the vertical mode analysis can be observed from 
consideration of equation (1.151), wherein, applying 
the critical state criterion
v . s= 0 (1.184)'xx
affords the loading intensity to be
v, = -q/EI * 0 (1 .185)'xxxx ^
Indeed, only the minimum safe temperature rise, T . ,m m
is of immediate use in the established fully mobilised
(21)modellings. A published technical article
concerning the foregoing discussion is given in 
Appendix I (A).
1.5 SUMMARY
The essential factors involved in submarine pipeline 
buckling have been set out and the established 
analyses detailed and corrected as necessary.
These analyses have been set out in a novel field 
equation format and a set of appropriate limits, 
errors and forward path developments discussed.
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With regard to the developments detailed in the 
following, it is first proposed to establish the 
nature of the necessary geotechnical parameters.
This is because definition of the critical state 
at which axial-flexural bifurcation occurs requires 
that geotechnical experimentation be undertaken
in order that data relating to the appropriate
axial and lateral friction resistance characteristics, 
as well as to the pipeline's submerged self-weight 
inertial characteristics associated with the vertical
buckling mode, be established. The appropriate
analyses will then ensue.
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C H A P T E R  2
GEOTECHNICAL EXPERIMENTATION
2.1 INTRODUCTION
An important feature of the submarine pipeline
buckling behaviour concerns the resistance to
movement of pipelines provided by the supporting
medium. Assumptions previously made included that
axial and lateral friction resistance forces were taken
f 9 o 91to be fully mobilised throughout. ' ' Despite an
intensive literature search, little information 
relating to the nature of frictional resistance force 
was forthcoming.^^ Experimentation was therefore
required in order to provide data relating to fully 
mobilised frictional coefficient values, sub-fully 
mobilised frictional coefficient values and to the 
corresponding displacements to which they appertain.
Another important feature with regard to the buckling 
region of the vertical mode concerns the gradual 
nature by means of which the pipeline's submerged 
self-weight is incurred at the onset of buckling. 
Effectively, this feature concerns the recovery of the 
sea bed upon unloading. The established modelling 
assumes this force to be fully mobilised, that is, the 
sea bed is taken to be rigid. Initially, however, 
attention is focussed upon the friction resistance 
force characteristics.
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2.2 FRICTION FORCE CHARACTERISTICS
The vertical and lateral system topologies are given 
in Figs. 2.1 and 2.2 respectively. It is apparent
that in the vertical buckling mode, the pipe will, with 
regard to the interface frictional forces, involve only 
axial coefficient action. The established fully
employs, noting
equations (1.53) and (1.173), a resultant axial
.... , , .. . (20,21,50)mobilised modelling
friction force F^ given by
FA = *AqLs (2 .1)
where
F. = P - P - qL A o (2 .2)
for the vertical mode, and
F = P - P A o (2.3)
for all the lateral modes except lateral mode oo in 
which axial friction force does not exist. The 
revised deformation-dependent axial friction modelling 
is illustrated in Fig. 2.3. The axial friction 
resistance force is denoted therein by f^q per
unit length where parameter f^ is, in formal terms, 
some variable in x for L ^ x <  L + Lg. Equilibrium
affords the slip length friction resistance force to 
be more formally given by
- 84 -
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CL+Ls „ (2.4)pa = \ l ■ * * , *
It can be seen from equations (2.1) and (2.4) that the 
established modelling therefore assumes f^ to
be a constant (0A) throughout the slip length. 
Further, in the case of lateral buckling, the 
pipe will incur not only both axial and lateral 
friction resistances, but, in addition, the motion 
involved will give rise to friction resistance 
occurring in relatively arbitrary orientations. This 
is denoted by angle e in Fig. 2.2. The roles played 
by the axial and lateral friction resistance forces 
have already been delineated in Chapter -1, and
Figs. 1.7 and 1.8 serve to illustrate the generalised 
axial and lateral friction parameters ^  and .
The problem therefore centred on determining the 
values of the friction coefficients for arbitrary 
orientations of force-displacement. Further, some
assessment of the displacements at which these 
coefficients become fully established was to be sought. 
The objective was, therefore, to investigate the
force-displacement relationships for a pipe subject to 
laterally, axially and arbitrarily oriented action 
when in contact with a sand foundation. Sand 
was chosen in view of North Sea condit ions*-5^, and a 
sieve analysis enabled the requisite fine to medium
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sand to be determined; the sieve analysis results are 
depicted in Fig. 2.4 with the appropriate data given 
in Appendix II (A). Three typical frictional
interface configurations are considered. Model tests 
were deemed to offer sufficient insight at this stage 
and dry testing was employed for convenience noting 
that a Coulomb medium was involved. That is, dry 
testing for determining saturated fine to medium sand 
behaviour is acceptable given that in both conditions 
the sand is cohesionless and that the angle of 
internal friction is unchanged.
Finally, drained triaxial tests upon the material were 
undertaken in order to determine the respective 
modulus. This parameter has a bearing upon vertical 
lift-off characteristics, this feature being discussed 
following delineation of the frictional force 
experimentation.
2.3 EXPERIMENTAL PROGRAMME
A i m  long steel pipe of outer diameter 48.3 mm, 
thickness 3.2 mm and a self-weight of 34.92 N/m was 
used for all the tests. Fig. 2.5 depicts the 
line diagram of the pipe section under arbitrarily 
oriented force (0 < e < tt/2); this arrangement was 
also employed for the application of lateral force 
(e = 0). Fig. 2.6 depicts the line diagram of the pipe
-88 -
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under axial force (e = tt/2). The pipe possessed 
a 150 mm overhang with respect to the sand flume 
employed in order to prevent the pipe from digging into 
the sand when undergoing axial movement. Further 
equipment included weights, wires, pulleys and 
transducers for measuring the longitudinal and 
transverse displacement components of the pipe. Three 
frictional interface configurations were considered as 
trenching will clearly affect buckling response. The 
configurations chosen were that with the pipe simply 
resting on the supporting medium (R), a basic 
entrenched topology (E) and an entrenched arrangement 
involving compaction of the supporting medium (P). 
Trenching constituted a quarter pipe diameter 
penetration of the supporting medium and compaction 
studies were primarily for qualitative purposes. 
Quasi-static behaviour is stipulated throughout.
2.4 EXPERIMENTAL PROCEDURE
The disturbing force was applied to the pipe in the 
horizontal plane at values of e ranging from zero 
through to 7r/2 in increments of 7t/12. The three 
interface configurations were thereby considered in 
each of these seven orientations. The disturbing 
force was applied in the form of two equal component 
forces acting at the ends of the pipe except in the 
axial case studies in which the disturbing force was
- 90 -
only applied to the respective end of the pipe. It
was considered that a long pipeline on the sea bed
would slide rather than roll along its longitudinal 
axis under lateral force, hence the transducer 
readings were subject to the prevention of any
significant rolling movement. The onset of full 
mobilisation for each of the twenty-one cases 
considered was taken as being the state at which 
displacement continued without any further increase in 
the respective disturbing force. Each test was 
undertaken four times, average results being finally
recorded.
2.5 EXPERIMENTAL OBSERVATIONS AND RESULTS
The results are given in Figs. 2.7 to 2.13 in 
the form of resistance force-displacement loci. 
For the lateral (e = 0) cases, a sand wedge was formed 
in front of the pipe as the force was applied, the 
wedge gradually growing in height. Full mobilisation 
was preceded by the pipe rising over the respective 
wedge. Both trenched cases initially required the 
pipe to rise out of the respective trench, and this 
effect is clearly displayed in Fig. 2.7 by virtue of 
the appropriately stiffer force-displacement loci 
obtained. Further, the maximum resistance values 
obtained, also denoted in Fig. 2.7, reflect the greater 
inertia possessed by the trenched cases. With regard
-91-
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to both of these characteristics, and as is to be 
anticipated given the respective degrees of sand 
compaction involved, the compacted case is to 
be particularly noted. Experimental data points,
included in Fig. 2.7 (R) for information, are
suppressed for clarity in the remaining force-
displacement figures. Axial movement was negligible 
throughout.
For each of the remaining force orientation cases, 
illustrated in Figs. 2.7 to 2.13, maximum frictional 
resistance was again attributable to the depressed 
configuration. All but the axial case set generated a 
sand wedge, this being, relatively, of decreasing
magnitude as e was increased. For the resting 
configuration, full lateral mobilisation signified 
maximum resistance for values of e < 7t/4, whilst full 
axial mobilisation signified maximum resistance for 
values of e > tt/4. Simultaneous mobilisation
occurred for e = tt/4. The trenching effect caused 
simultaneous mobilisation to occur as precipitately as 
e = ?r/6, full axial mobilisation governing maximum 
resistance thereafter. For each interface config­
uration set, values of the maximum resistance 
force decreased as orientation was increased through 
to e = tt/2, at which state lateral movement became 
negligible. In the cases governed by full axial 
mobilisation, the maximum resistance state occurred
-96-
more abruptly with significantly less displacement. 
Tables of results for the force-displacement relation­
ships are given in Appendix II (B).
Table 2.1 summarizes the values of friction coefficient 
determined from the force-displacement loci. 
The resting configuration, involving a relatively small 
interface area, exhibits the lowest value of friction 
coefficient for each force orientation, whilst the 
compacted configuration, involving a higher angle 
of internal friction, exhibits the highest value of 
friction coefficient for each force orientation. 
The respective friction coefficients decrease as the 
disturbing force orientation e increases. The 
relationships between force orientation, interface 
configuration and friction coefficient are displayed by 
means of computer graphics in Fig. 2.14, together with 
the appropriate linear and cubic interpolation 
curves. The equations of these least square fit 
computer-generated formulae, written in terms of e 
and 0, the pertinent abscissa and ordinate parameters, 
take the form;
0 = 1 .220 - 8 .024x10”3© (2.5)
0 = 1.291 - 8.571x10"3e (2.6)
-97-
e FRICTION COEFFICIENT (0)
(DEGREES) R E P
0 1.21 1 .26 1 .32
15 1.11 1.17 1 .20
30 1 .01 1 .10 1.13
45 0.84 0.91 0.93
60 0.72 0.73 0.75
75 0.59 0.62 0.65
90 0.53 0.55 0.59
Table 2.1 Friction Coefficients
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4, = 1 .332 - 8.738x10-3e (2'7)
for the linear resting (R), entrenched (E) and 
compacted (P) cases respectively with;
<p = 1 .208 - 4 .094x10-3e - 1.312x10_4e2 + 1 .030x10-6e
(2.8)
0 = 1.252 - 6.105x10-4e - 2.315x10-4e2 + 1.682x10 6e
(2.9)
<t> = 1 .311 - 2.428x10 3e - 2.062x10 4e2 + 1.061x10-6©
(2 .10)
for the cubic resting (R), entrenched (E) and 
compacted (P) cases respectively.
The maximum variation between interface configuration 
friction coefficient values for any of the orientations 
considered is of the order of 10%. The displacements 
corresponding to the attainment of fully mobilised 
resistance do not show great variation with interface 
configuration. These values range from 180 mm in
the lateral orientation to 5 mm in the axial orient­
ation. It is to be noted that the frictional
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resistance-displacement loci produced are of inelastic 
form.
Clearly, the foregoing data relates to model tests. In 
practice, submarine pipelines possess, typically, 
diameters in excess of 200 mm. With regard to this 
matter, the values for (e = 0) follow the trend set
by L y o n ^ ^  and Gulhati et a l ^ ^  , indicating that 
values for </>^ will decrease for larger diameter pipes
in accordance with the surface roughness effect.
References also indicate that the displacements
appertaining to the onset of fully mobilised lateral
frictional resistance decrease with an increase in 
(53 541pipe diameter. ' In respect of these factors,
suggested values for the full scale pipeline parameters 
given in Table 1.2 are 1.0 for the lateral friction 
coefficient and 30 mm for the displacement correspond­
ing to full mobilisation. It is to be noted that the 
suggested (/> value of 1.0 is higher than thosei-J
assumed in the former fully mobilised analyses; that 
is, 0.1 ^  ^  0.7. Validation of these values is
detailed in the ensuing design consideration. 
Anand and Agarwal give similar values for
</> (e = 7T/2) with respect to model tests. Corresponding
large scale tests result in ^  increasing with
pipe diameter although the displacement corresponding
- 101 -
to the onset of full mobilisation appears to be
largely independent of scale effects. (Results
(52 55 56 57^for clay media ' are not considered to be
applicable to the present study.) In view of 
these observations, therefore, indicated full 
scale values for the axial friction coefficient and 
the corresponding displacement for full mobilisation 
are 0.7 and 5 mm respectively. Further validation 
of these values will be given in the design discuss­
ions.
With regard to orientations 0 < e <7r/2, the inter­
polation loci given in Fig. 2.14 afford useful 
insight with respect to the corresponding full scale 
values. The differing scaling factors involved in the 
lateral and axial orientations would indicate, for 
example, the necessity of a change in the gradient of 
the loci given in Fig. 2.14 (a). The effect of
trenching has been demonstrated to lie primarily 
with the magnitude of the friction coefficient
rather than with the corresponding fully mobilised 
displacements. Again, Fig. 2.14 affords useful data 
from which full scale values could be deduced.
Given the nature of the computations delineated in
Section 1.4, however, present concern lies with the 
rather more crucial lateral and axial cases, and the 
means by which the appropriate parametric values
deduced in this experimental study can be incorporated
-102-
within the design process appertaining to the 
possible in-service buckling of submarine pipelines.
2.6 AXIAL AND LATERAL FRICTION FORCE CHARACTERISTICS 
- ASSIMILATION
Noting the small scale experimental loci previously 
given in Figs. 2.7 (R) and 2.13 (R) for the lateral and 
axial cases respectively and the foregoing experimental 
discussion, then the small scale values for parameters 
< / > u^, 0 ^ anc* w0 take the form
<f>A  = 0 - 5 3 (2 .1 1)
Uj = 20 nun (2 .12)
<f>L = 1.21 (2 .13)
w, = 180 nun (2 .14 )
with the corresponding loci being reproduced, 
in non-dimensional form, in Figs. 2.15 (axial) and 
2.16 (lateral). Given the preceding scaling factor 
discourse, the suggested full scale values for 
$A' u0 ' ^  anc^  for the submarine pipeline parameters
-103 -
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given in Table 1.2 are 
0A = 0.7 (2.15)
u . = 5 mm 0 (2.16)
0 = 1 . 0  (2.17)Li
w , = 30 irn (2.18)0
Employing an exponential curve-fit, then suggested 
full scale design loci employ
-25u/u ,
fA /0A = 1 - e V (2.19)
and
-6w/w .
fT/0T = 1 - e p (2.20)Li Li
These loci are superimposed on the respective 
experimental curves in Figs. 2.15 and 2.16 accordingly. 
The correlation between the numerical and experimental 
loci can be seen to be satisfactory.
Alternatively, algebraic functions can be employed to 
produce design curves of the following form
-106-
fA /<4A = u/<u + tfA) (2.21)
and
fL/^L = w /<w+tJL ) (2.22)
where parameters b^ and b^ . can be determined through
(52,58)the mathematical modelling of basic parameters
such as the angle of internal friction of the 
supporting medium. In the present instance, parameters 
bA and b^ are determined using equations (2.15)-(2.18)
in conjunction with the necessary limitations
fA /0A l u = u  = 139/140 3 0.993 (2.23)0
and
fT/0T I =0.94 (224)L w=w .0
Employing equation (2.23) with equation (2.21) and 
equation (2.24) with (2.22) affords, upon manipulation, 
the appropriate axial and lateral full scale algebraic 
design curves
fA ^ A  = 1 ~ 1/(139u/u0+1) (2.25)
- 107-
and
f /0 = 1 - 1 / (1 5 .67w/w ,+ 1) (2.26)L L 0
The respective design loci are also depicted in
Figs. 2.15 and 2.16. It can be seen that the
full scale exponential-type design curves give better
agreement with the designated non-dimensionalised
experimental curves and, in addition, accord with the
appropriate fully mobilised asymptotes with f /(j> a 1A A
at u/u, = 1 and f /6 = 0.998 at w /wj >  1 respectively.9 L L • r ••
With regard to the full scale algebraic design curves, 
noting equations (2.23) and (2.24), the respective 
values at the onset of full mobilisation are inferior 
with = 0.993 at u/u^ = 1 and = 0.94 at
w/w^ = 1. Further consideration of these designated
design curves will be given following the determination 
of the appropriate sea bed recovery characteristics.
2.7 SEA BED RECOVERY
With regard to the vertical buckling mode as depicted 
in Fig. 2.1, it can be envisaged that as the pipe 
lifts off the sea bed, some component of the self­
weight is taken up by the recovery, on unloading, of 
the sea bed medium. The required effect can be 
obtained by expressing the effective or acting
- 108 -
(2.27)
in which f is a non-dimensionalised parameter M
0 <  f „ <  ! and c is dependent upon the geotechnical 
characteristics of the sea bed. The desired
transition curve is therefore given by
fM (2.28)
this function being graphically represented in
Fig. 2.17. The sea bed recovery (unloading) locus
is taken to be, under idealised circumstances, a 
skew-symmetric form of the loading locus with
would detract from this assumption, it is considered 
that the initial tangent (1/c) of the unloading
locus would be the same as that of the loading 
locus and it is with this particular characteristic
ratio v/c is the same for both the loading and
unloading loci'. It should be noted that the preceding
axial and lateral friction-response loci can be
considered to display similar characteristics.
An exponential-type transition curve is chosen in
view of the previous experience with the frictional
loci. The constant c can be seen to be the vertical
displacement corresponding to the intercept of the
initial tangent with the asymptote f = 1  whichM
respect to axis a-b. Whilst imperfect conditions
that the immediate study is concerned. The vector
-109-
Loading
Unloading
v (mm)
Fig. 2*17 Sea Bed Loading and Unloading Loci
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denotes the onset of fully mobilised self-weight
(fMq = q).
Sample data relating to the determination of initial 
tangent and secant moduli from three typical drained 
triaxial tests is given in Appendix II (C) whilst the 
appropriate deviator stress/strain loci are shown in 
Fig. 2.18 which afford the average initial tangent 
modulus
nE, = Deviator Stress = 39,000 kN/m (2.29)
Strain
An initial assumption is made regarding the lie of the 
pipe section; the pipe is taken to be semi-buried, 
affording an effective bearing width of diameter d. 
Further, based upon geotechnical engineering judgment , 
the effective depth at which the appropriate bearing 
stress and strain become zero - that is, the sea bed is 
effectively rigid - is taken to be twice the bearing 
width or pipe diameter, that is 2d. This is a
familiar feature with regard to geotechnical 
footings.(60)
The sea bed foundation stiffness topology is illustrat­
ed in Fig. 2.19. The maximum bearing stress is
given by
C"k = q/d (2.30)
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where q is the pipeline’s submerged self-weight 
per unit run. Noting the pipeline parameters
given in Table 1.2, q takes the value of 3.8 kN/m. 
Assuming that the bearing stress distribution 
is of linear form, the average bearing strain yields
Average Bearing Strain = a^/(2E^) (2.31)
The appropriate vertical displacement of the pipe can 
thereby be given by
c = 2d x Average Bearing Strain (2.32)
which affords, noting equations (2.30) and (2.31), 
c = q/Et (2.33)
Based on the average E obtained from the drained
triaxial tests, then upon substitution of equation
(2.29) into equation (2.33), yields
c = 0.1 mm (2.34)
as illustrated in Fig. 2.20.
However, triaxial tests tend to over-estimate
the field value of secant modulus, E , since anys
confining pressure ’stiffens' the soil so that a 
larger initial tangent modulus, is obtained.
A suggested realistic modulus value would perhaps 
be of the order 20,000 kN/n? (’loose' sand, 10,000-
24,000 kN/m2; ’dense' sand, 48,000-81,000 kN/m2(60))
-114 -
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F ig .2-20 Sea Bed Recovery Loci
which gives a value for c of 0.2 mm. Studies in a 
related field indicate values of c to lie in the range 
0.1-1.0 m m ^ ^ ,  lending support to the above figures.
Accordingly, a family of curves corresponding to
equation (2.28) are included in Fig. 2.20. The larger 
values of c, 2.0, 5.0 and 10.0 mm, are an order of 
magnitude higher than those discussed above; they
relate to a soft foundation; for example, soft
! (61) clay.
2.8 PRELIMINARY DESIGN CONSIDERATIONS
It was decided that a limited numerical assessment of
the effects of the foregoing empirical parameters,
fn, f , f , upon the structural modelling of the A L M
pipeline system should be undertaken in order 
to provide preliminary data. To this end, the 
effects of the sea bed/pipeline frictional behaviour 
delineated in Section 2.6 can be suitably demonstrated 
by considering the nature of the axial friction 
resistance force, F^, generated through slip length Lg.
This force is common to both the vertical and 
lateral buckling modes (except lateral mode oo ). 
Recalling Fig. 2.3 and equation (2.4), the relatively 
cruder algebraic axial friction-response locus given 
in equation (2.25) is employed instead of the 
superior exponential-type modelling of equation (2.19)
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so as to avoid complicated numerical integration of
equation (2.4) for the determination of the axial
friction resistance force, F . Therefore, employingA
equation (2.25) with equation (2.4), the revised 
modelling then takes the form
pL+LFA = ^ S ^Aq M-1/(1-139u/u^) ] dx (2.35)
noting that the sign of the u/u^ term has been adapted
to allow for u and f^ being co-oriented within the 
slip length region - note that Fig. 2.3 employs a 
different convention from Fig. 2.15. It is necessary 
to assume an axial displacement function for this 
deformation-dependent force. Utilising a cubic
function, then
2 3u = aQ + a^x + a2x + a3x (2.36)
where a-( , i = 0,1,2,3, represents some unprescribed
coefficients - compare with fully mobilised quadratic 
function of equations (1.52) and (1.172). With regard 
to the topology of Fig. 2.3, the appropriate boundary 
conditions, noting. Table 1.1 and Section 1.3.5, 
take the form
u, fT = 0  (transversality)X I Li +Li (2.38)
u xxlL+L 0 (2.39)s
(2.40)
It is to be noted that the field/boundary condition 
given in equation (2.39) has not previously been 
defined. This condition can, however, be shown to be 
valid by substituting equations (2.25) and (2.37) 
into the linearised field equation delineated in 
equation (1.27). Substituting the boundary conditions 
given in equations (2.37) through (2.40) into 
equation (2.36) yields the axial displacement 
expression
The integration of equation (2.35), noting equation
(2.41), can be simplified by introducing a change of
u = u L+L -x s (2.41)
variable based on (L + L - x). Lettings
z = L + Ls X (2.42)
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with
dz = -dx <2 '43>
results in equation (2.35) being replaced by
Fa = ^ S <f>Aq [1-1/(1-139u/u^) ] dz (2.44)
and the boundary conditions given in equation (2.37) 
through (2.40) taking the new form
u | o = 0 (2.45)
u,zlo = 0 (transversality) (2.46)
u,zzl0 = 0 (2.47)
U |L = us (2.48)s
Substituting equation (2.42) into equation (2.41) 
affords
u = Us (z/Ls)3 (2.49)
Equation (2.44) can now be expressed in the form
-119 -
*AqLs = 1
2/3 (tan ^ [2J1/3/7I -1/73] + tan 11/7J (2.50)
in which
J = -139 u/Ui s <p (2.51)
Equations (2.50) and (2.51) can be compared with the 
established fully mobilised modelling, as denoted by 
equation (2.1),
The two modelling systems are compared in Fig. 
2.21 where the total axial friction resistance 
force F is related to overall movement of the
behaviour, is important in that the employment of 
sub-fully mobilised friction resistance forces is 
necessary if a critical temperature rise, Tc , is to be
established together with the appropriate post- 
buckling behaviour. The established fully mobilised 
modelling can be seen to overestimate the axial 
friction resistance.
(2.52)
A
slip length (us)* The improvement in modelling
utilising deformation-dependent axial friction
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Preliminary buckling design computations can be
undertaken employing the foregoing findings.
Combining the linearised slip length field equation 
given in equation (1.27) with equation (2.49),noting 
the change of variable in equations (2.42) and
(2.43), affords
u zz =-^Aq [ 1 -1 / (1-1 39u/u i) ] (2.53)AE
which yields, upon integration and noting equation 
(2.46),
a, =-*Aq 2 AE~” z - 6J1/3 In
1+J2/3(z/Ls)2+2J1/3(z/Ls)
1+J2/3(z/L )2-J1/3(z /L )s s
+ 2 J3 tan 1 (2J1/3 (z/Ls)//3 - 1/
(2.54)
It is to be noted that this expression affords, upon
incorporation of the condition u, |T = -Fn/AE, the
z s
total axial friction resistance force (Fn) expression 
given in equation (2.50). Integrating equation (2.54), 
noting equation (2.48), yields
- 122-
<j> qL2 r . fLs, 1+J2/3(z/L„)2+2J1/3(z/L=)u =-rA^ s s 2AE _1 3J1/3Ls J 0 V" 1+J2/3(z/Ls)2-J1/3(z/Ls)
+ 2 yj [tan-1 (2J1/3 (z/Ls)/J3-1/J3) + tan-11 / jj]jdz (2.55)
The second part of the above expression requires 
numerical treatment. This expression can be compared 
with the fully mobilised equivalent,
u =-^AqLs (2.56)
S 2AE
Equations (2.53) to (2.56) appply to all modes 
(trivial for lateral mode oo , Ls = 0). Accordingly,
the above results are depicted in Fig. 2.22 which
illustrates the axial slip length ratio appertaining
to the revised (L . ,) and established fullys-revised
mobilised (L  ^ ) friction models. The latter is s-rm
shown to underestimate the length of slip.
Full buckling analyses have been undertaken employing 
the foregoing revised axial friction model in the 
slip length region and fully mobilised lateral
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revised slip length analysis can be combined with
the appropriate established (fully mobilised)
buckling length analysis delineated in Section
1.4 using the compatibility expression given in
either equation (1.29) or equation (1.30). The
procedure of the numerical evaluation can be outlined
by considering, for example, lateral mode 1.
Employing the pipeline parameters given in Table 1.2,
L can be determined in terms of any discrete s
(negative) values of us (mm) from equation (2.55), 
noting equation (2.51). R (ie; P - P) can then beA O
obtained from equation (2.50) by substituting the
appropriate values of u and L . Employing thes s
above mentioned compatibility expression given 
in equation (1.29) which yields equations (1.55) 
and (1.56), L can now be determined by solving the 
seventh order polynomial. Finally, the temperature 
rise T can be obtained from equation (1.6).
A similar procedure can be employed for the remaining
lateral modes except lateral mode oo in which axial
friction resistance does not exist (ie; L =0).s
In the case of the vertical mode, the procedure of 
numerical evaluation is similar to those of lateral 
modes except that F^ is now (PQ - P - f^qL) - note
equation (2.2). The revised action-response loci are 
of similar nature to those depicted in Figs. 1.12-1.17.
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They differ only slightly from their fully mobilised
equivalents; the respective minimum safe temperature
rises (T . ) are reduced by less than 0.1°C employingmin
this particular modelling of variable axial resistance. 
The above findings can be explained by the fact that 
whilst the established fully mobilised modelling 
overestimates the axial friction resistance, it also 
similarly underestimates the length of slip and, thus, 
any significant difference between the fully mobilised 
and revised modellings is thereby greatly reduced. 
With respect to Figs. 2.21 and 2.22, for example, then 
the value of us/u^ corresponding to the minimum safe
temperature rise, T . , state is of the order of 14.3m m
(lateral mode 1). Further, critical temperature rise 
values are not obtained due to the inclusion of 
fully mobilised lateral friction force and self-weight 
characteristics. Clearly, superior modelling to
this briefly described procedure is to be anticipated 
from the ensuing work.
2.9 SUMMARY
In all, some eighty-four individual geotechnical
tests have been undertaken and the appropriate
resistance force-displacement loci produced. A
(62)published article concerning the geotechnical
experimentation is given in Appendix I (B). In
-125-
particular, information on friction coefficients has 
been determined for a variety of force-displacement 
orientations and interface configurations; appropriate 
interpolation formulae have been produced. Full scale 
values for the primary friction coefficients, 
that is for the axial and lateral cases, have 
been deduced upon the basis of the model tests. The 
displacements at which these friction resistance 
forces become fully mobilised have been similarly 
identified. The appropriate axial and lateral
friction-response design loci have been produced using 
two types of semi-empirical formulae; that is, a 
superior exponential-type curve and the corresponding 
algebraic curve. The latter has been employed in the 
preliminary design calculations in order to avoid 
complicated double integral numerical analysis. 
Further, these preliminary calculations have afforded 
additional insight into the requirements demanded of 
the enhanced analyses that ensue.
Finally, using the superior exponential-type curve, a 
novel interpretation of the pipeline’s submerged self­
weight inertial characteristics associated with the 
vertical buckling mode has also been made available. 
The three exponential-type design curves discussed 
above will be employed in the rational modelling 
of submarine pipeline buckling behaviour given in 
Chapter 3.
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C H A P T E R  3  
QUASI-IDEALISED CRITICAL STATE STUDIES
3.1 INTRODUCTION
A crucial part of stability studies relates to 
the establishment of the critical state - the
bifurcation point at which, in the present context, the 
system response changes from axial to predominantly
flexural behaviour. As noted in Chapter 1, analyses
to-date with regard to the buckling of submarine 
pipelines have employed the simplifying non­
conservative assumptions that the axial and lateral 
friction forces together with the vertical submerged 
self-weight characteristics are fully mobilised 
throughout. It is the inclusion of fully mobilised 
lateral friction resistance and fully mobilised 
submerged self-weight characteristics with regard to 
the lateral and vertical buckling modes respectively 
that precludes the ability to define the appropriate 
critical temperature rise at which idealised axial- 
flexural bifurcation occurs. The work set out
in Chapter 2 is designed to overcome the above 
limitations and enable, for the first time, definition 
of critical state temperature rises, and thereby 
afford more realistic buckling analyses to be 
undertaken. Further, and equally important,
quantitative evaluation of the respective post-
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buckling characteristics should be similarly afforded 
for the first time. That is, a rational modelling of 
submarine pipeline buckling is to be made available.
Fig. 3.1 illustrates a diagrammatic interpretation 
of the desired, appropriate action-response loci. 
By determining the critical state in thermal and axial 
force terms, denoted by Tc and Pc respectively, the
associated snap phenomenon will lead to definition of 
the critical post-buckling state denoted by Tg and Pg
in the figure. Ensuing post-buckling behaviour can
also then be defined. The falling paths given in the
figure are of unstable form. Should T < T . , ac min
completely stable post-buckling path will be incurred
in the absence of snap. Determination of the
post-buckling path is important to the design
engineer in so far as it will afford location of the
pipe should buckling occur. Knowledge of both the
T and T . states will also enable the design c m m
engineer to take preventative measures at the 
design stage.
With regard to the lateral modes, the following 
analyses present a rational modelling of the 
deformation-dependent friction forces which employ 
the axial and lateral friction-response loci obtained 
from the geotechnical experimentation delineated in 
Chapter 2. The appropriate axial and lateral
-128 -
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friction design curves are given in Figs. 2.15 and 
2.16 and employ
-25u/u.
fa/*A = 1 - e ■* (3-1)
in which
</>A = 0.7 , = 5 mm (3.2)
and
-6w/w .
fL /<PL = 1 - e 0 (3.3)
with
= 1.0 , = 30 mm (3.4)
With respect to the vertical mode, inclusion of the 
appropriate axial friction-response locus given in 
equation (3.1) overcomes the inherent limitation with 
regard to the established fully mobilised modelling, 
noting equations (1.180) and (1.181), which is 
shown to be invalid at small values of vertical 
displacement. Further, by incorporating the vertical 
lift-off characteristics discussed in Section 2.7, 
an attempt is made to model the gradual nature by 
means of which the pipeline’s submerged self-weight 
is incurred at the onset of buckling. Effectively, 
this feature enables the ability to define a critical
-130-
temperature rise. The appropriate sea bed recovery 
loci represented in Fig. 2.20 employ the transition 
curve
f = 1 - e"v/c (3.5)M
where c is shown to lie in the range of 0.1-1.0 mm 
for a sand sea bed foundation. The larger values 
of c, 2.0, 5.0 and 10.0 mm, are an order of magnitude
higher than those above; they relate to a soft 
foundation (eg; soft clay^*^). Further, their
employment assists in determining the sensitivity of 
critical temperature rise to the sea bed geotechnical 
characteristics constant c. Buckling studies are 
thereby to be carried out for this range of values.
Not withstanding the foregoing attention being paid 
to the conceptual aspects of the problem, it is to be 
noted that practical buckling studies require 
consideration to be made of physical imperfections 
as denoted in Chapter 1. This important feature 
will be studied once the conceptual idealised 
factors regarding critical state analyses have 
been established. In view of the importance of 
imperfection studies, however, the rational modelling 
to be presently undertaken will concentrate on 
showing the important features concerned rather 
than attempting to deal in detail with each mode 
in formal terms.
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3.2 ESSENTIAL STRUCTURAL RELATIONSHIPS
Prior to incorporation of equations (3.1) to (3.5)
within the proposed analyses, it is useful to 
list all the essential structural relationships,
based on the established fully mobilised analyses
delineated in Section 1.4. Noting the constants given 
in Table 3.1, the buckling force set up in the L^ 
region is given by
P = k1EI/L^ <3-6)
where L^ is as denoted in Fig.,1.5 et al.
The maximum amplitude of the buckle takes the form
wm = k2 *LqL* (3-7)
El
where constant k2 relates to the differing general
displacement expressions, noting equations (1.39), 
(1.64), (1.76), (1.106) and (1.141). The resultant
longitudinal movement at each buckle/slip length 
interface is given by
us = k3 <VP)L1 - k4(^)2 L1 (3,8)
AE
whilst the relationship between the pre-buckling
force P , given by equation (1.6), and the buckling o
force P for lateral modes 1 to 4 is derived to be
-132-
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Po = p + k 5*Aq L 1 1 + k. AE El
2 t5 - 1 (3.9)
For lateral mode oo , equation (3.9) is replaced by
Pq = P + 3.01 12x10""3 AE/<^ Lq\2
\EI~J
(3 .10)
In the case of the vertical mode, subject to w and 6rqm L
being replaced by v^ and q respectively, equations
(3.6), (3.7) and (3.8) remain valid with equation (3.9) 
being replaced by
P, = P + qL. o
El
2.045x10 3 AE0LqL3 - (0AEI)2 (3.11)
As in the lateral modes, constant for the vertical
mode relates to the vertical displacement expression 
given in equation (1.158). It should be noted that 
expressions for Lg are also available from equation
(1.153) for lateral modes 1 to 4 and equation (1.73) 
for the vertical mode.
As a corollary, it is instructive to assess the degree 
of full mobilisation actually involved in the
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established analyses above. With regard to the 
lateral buckling inodes, noting the values for
A^' ^L' U0 3nC* W<^  given in ec*uations (3.2) and (3.4),
then Table 3.2 affords the appropriate information with
respect to the state corresponding to the respective
minimum safe temperature rise, T . . The most obviousmin
deduction is that, employing the fully mobilised
criterion, the axial friction modelling is relatively
cruder than the lateral friction modelling throughout.
In the case of the vertical buckling mode, 72.9% of the
slip length is subject to fully mobilised axial
friction force at the T . state whilst the appropriatemin
degree of full mobilisation of the submerged self- 
weight in the buckling (lift-off) region ranges from 
90% for c = 10 mm to 97.8% for c = 0.1 mm. Initially, 
therefore, it is proposed to re-define the axial 
friction resistance employing the locus given 
in Fig. 2.15 as designated by equation (3.1). 
Lateral friction resistance and submerged self­
weight with regard to the lateral modes and the 
vertical mode respectively remain fully mobilised. 
Such analyses will serve to introduce the rational 
modelling techniques employed and overcome the 
inherent error in the established vertical mode 
modelling. It is to be noted that the proposed 
rational axial friction force modelling involves an
additional procedure to the inclusion of equation 
(3.1). Treatment of the governing linearised slip
- 135 -
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length field equation given in equation (1.27) 
apparently requires the assumption of some function 
u = f(x) and ensuing double integration. The
problems associated with this approach have already 
been discussed in Section 2.8. These problems, 
however, can be overcome by employing the regularity 
slip length boundary condition
lim [ u , u,x ] = 0 (3.12)
x — ► co
and the identity
2u, = [ (u, ) ^  ] ,, (3.13)'xx x u
The former assists in precluding the prejucicial 
requirement of assuming some function u = f (x) 
whilst the latter avoids double integration of the 
slip length field equation. In addition, noting the 
regularity boundary condition in equation (3.12), Lg
is effectively of infinite length, indeterminate and 
no longer an unknown. This particular feature 
will be further considered in due course.
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3.3 LATERAL MODE ANALYSES: Deformation-Dependent
Axial Resistance in Conjunction with Fully 
Mobilised Lateral Resistance
3.3.1 Lateral Mode 1
The essential features of lateral mode 1 are shown 
in Figs. 3.2 (a) and (b) which depict the revised
topology and axial force distribution respectively. 
The formulation of the buckling region is the 
same as that undertaken in Section 1.4.2 in view of the 
fact that the lateral friction force remains fully 
mobilised; that is, f^ = (f> E q u a t i o n s  (3.6), (3.7)
and (3.8), together with the appropriate values 
given in Table 3.1, thereby remain valid.
With regard to the slip length region, combining 
equations (3.1) and (1.27) affords the slip length 
field equation
25u/u ,
AEu’xx = '0Aq(1 " ® *
noting that the change of sign of the exponent is 
due to u and f^  being co-oriented within the slip 
length region - note that Fig. 3.2 (a) employs a
different convention from Fig. 2.15. Apart from the 
regularity slip length boundary condition given in
L C x C L+Ls (3.14)
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equation (3.12), there is, noting Table 1.1, an 
additional boundary condition at the buckle slip 
length interface
(P -P)
u 'x,Li " - h ~
(3.15)
Employing the identity given in equation (3.13), 
then equation (3.14) becomes
(u.J* - ^  (e25U/U* X AE \ 5
- u + k (3.16)
where k is a constant of integration. Substituting 
equation (3.12) into equation (3.16) for the evaluation 
of k gives
u
25u/u
1 - u (3.17)
AE
Equating this expression with the boundary condition
given in equation (3.15), and noting ui = u ,I L<| s
yields 
(Po-p) = 20AqAE (e25uS/u0 .^ - 1 - u. (3.18)
Accepting that equation (3.8) remains valid in view 
of the fact that the lateral friction force is fully
-140 -
mobilised, then, noting the values given in Table 3.1,
Solutions for (P - P) and u are thereby obtainedo s
in terms of discrete values of L-j employing a
computerised non-linear iterative algorithm involving 
equations (3.18) and (3.19). The pipeline parameters 
employed are given in Table 1.2 and the geotechnical 
data given in equation (3.2) completes the requisite 
numerical definition. Again noting that equations
(3.6) and (3.7) together with the respective values 
given in Table 3.1 remain valid, then locus 1, 
depicted in Fig. 3.3 is produced by substituting
the results for (PQ - P) into equations (1.6), (3.6)
and (3.7). The dashed portions of the locus denote
computations involving buckling slopes in excess of 
0.1 radians. Prior to discussing the implications 
of this analysis, it is proposed to briefly consider 
the equivalent analyses of the remaining lateral modes.
3.3.2 Lateral Modes 2, 3 and 4
Equations (3.12) through (3.18) remain valid for these 
three modes. Equation (3.8) is again employed in 
conjunction with Table 3.1 to generate equivalent 
expression to that of equation (3.19). The analysis
(3.19)
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of lateral mode oo , in which there is no generation 
of axial friction force, remains as in Section 1.4.6. 
The appropriate behavioural loci are depicted 
in Fig. 3.3.
3.3.3 Assimilation - Lateral Modes
The action-response loci for lateral modes 1, 2, 3
and 4 in Fig. 3.3 differ only slightly from their
fully mobilised equivalents - lateral mode oo remains
unchanged. For example, with regard to lateral
mode 1, the minimum safe temperature rise (T )min
is reduced by only 0.03°C whilst the corresponding 
buckle amplitude (wm ) remains virtually unchanged
employing deformation-dependent axial resistance. 
This should not detract from the study, however, in 
as much as the effect of employing the simplifying 
fully mobilised assumption, with respect to defining 
the Tm jn state (wm  = 2.4 m, Tm jn = 63.6°C), has been
shown to be reasonable from the findings of a 
semi-rational model. Further, the ordering of
the lateral modes in terms of their respective 
minimum safe temperature rise is also shown to 
remain unchanged.
It should be noted that the solutions for the 
respective w = f(x) remain the same as in Section 1.4. 
As illustrated in Fig. 3.3, the behavioural loci
- 143 -
approach the thermal axis asymptotically; this is 
a consequence of assuming the lateral friction 
resistance to be fully mobilised even for vanishingly 
small displacements.
3.4 VERTICAL MODE ANALYSIS: Deformation-Dependent 
Axial Resistance in Conjunction with Fully 
Mobilised Submerged Self-Weight
The essential features of the vertical mode are 
depicted in Figs. 3.4 (a) and (b) which illustrate
the revised topology and axial force distribution 
respectively. The analysis is similar to that 
of lateral mode 1 given in Section 3.3.1. Equations 
(3.12) through (3.17) remain valid except that 
equation (3.15) is replaced by
where Pa is the axial force component frictionally
induced in the pipe by the vertical shear reaction 
at the buckle/slip length interface. Noting Fig. 3.4
(3.20)
1 A E
and ui = u_, this force can be represented byIT.- ^
(3.21)
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Substituting equations (3.20) and (3.21) into 
equation (3.17) and noting U|L = us yields
<vp) = / 25us/lv  , ^20AqAE (e______ y ~ 1 - u
25u /u.
+ 0AqL1 (1 - e S <P) (3.22)
It is to be recalled that equations (3.6), (3.7)
and (3.8), subject to wm  and 0^q being replaced by vm
and q respectively, remain valid in view of the fact 
that the submerged self-weight is fully mobilised. 
Employing equation (3.8) together with the appropriate 
value given in Table 3.1 yields
u= = (Po~P)L1 - 1 .0225x10- 3 /c[_'\2 I?  (3.23)
AE (.El/
The solution procedure for (Pq - P) and ug is as
previously; equations (3.22) and (3.23) are solved 
iteratively in terms of discrete values of L^. It
should be recalled that the inherent limitation on 
the established fully mobilised axial friction 
modelling elucidated in Section 1.4.7 - note equations 
(1.180) and (1.181) - requires, for the pipeline
parameters employed, vm >68.2 mm. In the present
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revised analysis there is no such restriction upon 
equations (3.22) and (3.23) due to the variable,
deformation-dependent axial friction modelling; 
that is, equation (1.179) is valid for all values of 
P , P and Pa . The appropriate revised action-response 
characteristics are depicted in Fig. 3.5 in the form 
of the dashed ’rigid’ locus. As with its lateral 
mode equivalents, the action-response locus differs 
only slightly from its fully mobilised equivalent
with its T . value reduced by only 0.03°C whilstmin
the corresponding buckle amplitude vm remains 
virtually unchanged. The asymptotic nature of
the locus is due to assuming fully mobilised submerged 
self-weight; that is, the sea bed is effectively 
rigid (c = 0).
In order to define the critical temperature rise, 
therefore, it is necessary to model the lateral
friction force and the pipeline’s submerged self­
weight, with regard to the lateral and vertical 
modes respectively, in a rational manner. Further, 
this will serve to provide an appropriate fully 
rational modelling of the buckling problem.
- 147 -
o
LO
ID
O
LO
CO
CL
LOCNICL CLCLCL
in inLO CD
OKj
to
O
O
ino
ooooID
oooLO
ooo
oooro
ooo(NJ
ooo
D o )  1  s s iy  e jn iD ja d u je _ [
- 148 -
Fig
.3-
5 
Ind
ivi
du
al 
Ra
tio
na
l 
Mo
de
llin
g 
Lo
ci 
- 
Ve
rti
ca
l 
Mo
de
3.5 LATERAL MODE 1: Deformation-Dependent Axial 
and Lateral Friction Resistances
In order to establish a critical temperature rise, T , 
it is necessary to incorporate the lateral friction- 
response locus given in Fig. 2.16 and designated by 
equations (3.3) and (3.4). The appropriate topology 
and axial force distribution are depicted in 
Figs. 3.2 (a) and (b) except that the lateral
resistance, <^ <5, is now replaced by 9^3(1 “ e ) •
With regard to the formulation in the buckling 
region, noting equation (3.3), the flexural field 
equation given in equation (1.23) can be rewritten
The complexity of this field equation prevents a
EIw xxxx ) 0 « x « L (3.24)
closed form solution being obtained. A boundary
collocation procedure is therefore instituted
employing the assumed series
i=4
(3.25)
where aj denotes a typical unprescribed coefficient.
The symmetry of the buckling mode is incorporated 
directly in equation (3.25). Accepting that
relationships are sought between P, L and w asm
indicated by equations (3.6) and (3.7) with regard to 
the previous study, then a seven point collocation 
procedure is required. Employing the following five 
conditions and identities
W| = 0
w 'xlL = 0
w, |T = 0 (transversality)XX I Li
w lo
-0
( E I w ' x x x x + P w ' x x M l  = - ^ ( 1 " e  > =  0
(3.26)
the respective coefficients of a: can be defined,
such that
w
w = yS(7-24(x/L)2+30(x/L)4-16(x/L)6+3(x/L)8] (3.27)
Further, equilibrium demands that the shear force at 
the ends of the buckle length takes the form
E I w 'xxxIl = \0 (1 - eyJ( -6w/w ) dx (3.28)
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which gives
w.m
3 rL
=  7^ L t  d
192EI JO
-6w/w
- e ) dx (3.29)
and that the central bending moment affords
Elw ' x x l 0  = J 0 (1 “ e
-6w/w4>) dx - Pw.m
fJl
-6w/w
- \Q (1 - e ) x dx (3.30)
resulting in, given equation (3.29),
P = 192EI
7L2
_ -6w/w,
5 _ Jo(1 ~ e )x dx
4 rT -6w/w ,
54) dx
(3.31)
Slip length considerations are incorporated as 
previously - note Section 3.3.1 - employing equation
(3.18). The matching compatibility condition
at the buckle/slip length interface, recalling 
equation (1.29), takes the form
u T = u = IL s
_ (P -P)L
AE " ° ’5 Io (w 'x )2<3x
(3.32)
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which yields, noting equations (3.27) and (3.29),
2
u <P0-P)L 9.102x10s AE
(3.33)
This represents the rational equivalent of the 
fully mobilised expression given in equation (3.19). 
The solution procedure is as previously; equations
(3.18) and (3.33) are solved iteratively, the
integral steps being carried out numerically for any
specific value for (mm).
Fig. 3.6 depicts the resulting action-response locus 
together with the formerly defined locus given in
Fig. 3.3. As detailed in Fig. 3.6, a critical
temperature rise has been established (T = 774°C);
this enables, in formal terms, superior definition of
the post-buckling state. Scaling factors preclude
inclusion of those parts of the locus in the vicinity
of the minimum safe temperature rise (w = 2.4 mm
as per Fig. 3.3). The rational curve becomes
effectively, or graphically, indistinguishable from
the former locus well before the minimum safe
temperature rise (T . ) state. At this state, them m
rational value for T . is 63.1°C, 0.8% lower thanm m
that for the previous analysis (63.6°C) whilst the
corresponding buckle amplitude again remains
virtually unchanged (wm  = 2.4 m). The fully mobilised
-152-
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Fig.3-6 Rational Modelling for Lateral Mode 1
assumptions with respect to defining the T . statem m
(w = 2.4 m, T = 63.6°C) again appear to be m min
essentially acceptable. However, post-buckling
characteristics can now be delineated. Further
discussion will follow establishment of a fully
rational vertical mode study.
3.6 VERTICAL MODE: Deformation-Dependent
Axial Resistance in Conjunction with Sea Bed 
Recovery Characteristics
The appropriate topology and axial force distribution 
of the proposed rational modelling are depicted in 
Figs. 3.7 (a) and (b) respectively. The analysis is
similar to the rational modelling of lateral mode 1 as 
denoted in Section 3.5. With regard to the formulation 
in the buckling (lift-off) region, noting the
sea bed recovery loci illustrated in Fig. 2.20 and
designated in equation (3.5), the flexural field 
equation given in equation (1.24) can be rewritten
EIv, + Pv, = -q (1 - e V//c) 0 <: x < L (3.34)xxxx 'xx ^
Equations (3.25) and (3.26) remain valid except that w,
together with its related components, and 0Tq areLi
now replaced by v and q respectively. Hence, the
-154-
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vertical displacement expression can be determined, 
such that
V = =^[7-24(x /L)2 + 30(x /L)4-16(x /L)6 +3(x /L)8 ] (3.35)
Further, equilibrium demands that the shear force at 
the ends of the buckle takes the form
■EIV'xxxlL = « Io<1 -
-v/c. J e ) dx (3.36)
which gives
V = 79Lm 192EI e v^c)dx (3.37)
and that the central bending moment affords
ttiTtr i fL /<i -v/c)dx - Pvxx10 = JO - e m
“ q “ e V/ C^ )X dx (3.38)
resulting in, noting equation (3.37),
P = 192EI
7L2
e“v/c)x dx'
-v/cx _ e ' ) dx
(3.39)
Slip length considerations are incorporated as 
previously - note Section 3.4 - except that the axial
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force component is now
Pa = *Aq.(1 - e
25u /u ,s' 0. CL
> f t "  - e”v/c)dx (3.40)
which results in equation (3.22) being replaced by
<p0-p> =
( 25u /u .20„qAE e 8 9 - 1 - u.
ni
+ *Aq(1 - e25"8'^) $(1 - e-v/c>dx <3-41>
whilst the matching compatibility condition at the 
buckle/slip length interface, given equations 
(1.175), (3.35) and (3.37), takes the form
u = (Po"P)L - 9.102x10~4L5(|y )
2 r
AE ft" -
-v/c.j e ' ) dx
(3.42)
The solution procedure is as previously; equations 
(3.41) and (3.42) are solved iteratively, the
integral steps being carried out numerically for any 
specific value for vm  (mm). The numerical evaluations
have been carried out for a series of values of c from
0.1 through to 10.0 (mm) as previously mentioned,
although Fig. 3.5 only shows the appropriate loci for c
-157-
in the fine to medium sand range (0.1 < c ^ 1.0 mm). 
The rational action-response loci depicted in
Fig. 3.5 display the respective critical temperature 
rises, Tc , and the relevant idealised post-buckling
characteristics; the ’rigid’ locus is asymptotic due
to the submerged self-weight of the pipe being taken
to be fully mobilised throughout the buckling
(lift-off) region even for vanishingly small vertical
displacements. Scaling factors preclude inclusion
of those parts of the loci in the vicinity of
the important minimum safe temperature rise state
(T . ). The rational loci become effectivelym m
indistinguishable from the fully mobilised locus well
before the minimum safe temperature rise state; a
composite locus is accordingly illustrated in
Fig. 3.8. The rational values for T . are lower thanm m
the fully mobilised value (65.3°C) but lie within 1%
of this value. Clearly, the rational values for the
vertical amplitude corresponding to the T . statem m
(vmm) are also indistinguishable from the appropriate 
fully mobilised value (vm m  = 2.35 mm). With regard to
Fig. 3.8, the onset of buckling slopes in excess of 
0.1 radians is indicated. The appropriate limitation 
with regard to the fully mobilised modelling is also 
indicated in Fig. 3.8.
Table 3.3 shows the effect geotechnical parameter c has 
upon the critical temperature rise T for all values
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c
(mm) Tc(°C)
Vertical deflection, \r (mm), at
fM = 0.9 f„ = 0.95 fM = 0.99
0.1 5470 0.230 0.300 0.461
0.2 3868 0.461 0.599 0.921
0.5 2446 1.151 1.498 2.303
1 1730 2.303 2.996 4.605
2 1223 4.605 5.991 9.210
5 774 11.513 14.979 23.026
10 547 23.026 29.957 46.052
Table 3.3 c - Dependent Output Data
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of c considered. The higher values of c correspond to 
soft clay type sea bed conditions. These
higher c-value critical temperature rise values would 
be applicable to such conditions for the pipeline 
parameters considered; the appropriate post-buckling 
loci would not be applicable, however, due to
the differing values of axial friction coefficient <f>^
and the corresponding fully mobilised axial deformation 
u^ required for clay studies. Accordingly, such loci
for c > 1.0 mm are omitted from Fig. 3.5. The 
relationship between Tc and c (all values) is
graphically represented in Fig. 3.9. A linear 
relationship between Tc and c”^ is therefore available,
the explicit relationship being
T = 3.4124/Elsft* (3>43)c AEoc \ c /
The above enables rapid evaluation of the critical 
temperature rise for any relevant set of data.
Further to this, it is necessary to review the effect, 
in readily understandable physical terms, of the
values of c considered. This can be done by evaluating 
the vertical displacement at which the submerged
self-weight of the pipeline becomes fully mobilised. 
Given the asymptotic nature of the geotechnical loci 
illustrated in Fig. 2.20, full mobilisation is
deemed to onset at some prescribed proportion of
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the actual submerged self-weight. Table 3.3 therefore 
gives the appropriate values of vertical displacement 
for the onset of 90%, 95% and 99% of the actual fully 
mobilised submerged self-weight. Given the pipe 
diameter to be 650 mm, the values given in Table 3.3 
correspond to vertical displacements of between 
0.035% and 7.08% of the pipe diameter. It is 
considered that the trend of these values is of a 
valid nature, particularly in view of the minimal 
effect of their incorporation upon the Tm^n values 
obtained. It can also be seen from Table 3.3 that 
the critical temperature rise Tc appropriate to the 
fine to medium sand range of c varies by a factor of 
three as the vertical displacement corresponding 
to the onset of fully mobilised submerged self-weight 
varies from 0.035% to 0.708% of the pipe diameter.
It should, perhaps, be noted that the present 
study considers the sea bed to exhibit flexibility
only within the buckling (lift-off) region, 2L; 
parameter L is unprescribed and variable. Clearly, 
some penetration of the sea bed, additional to that
existing in the pre-buckling state, could occur 
during buckling, particularly in the vicinity of the
buckle/slip length interfaces, x = ±L, due to the 
development of the vertical reaction at these 
locations. This feature has been neglected, support
for this decision being available from related
-163-
studies. The present analysis relates to
sea bed recovery and takes the form of a limited 
sea bed flexibility study. The post-buckling
characteristics of both the vertical and lateral mode 1 
models can now be considered.
3.7 SUMMARY
The fully rational modelling of lateral mode 1 and 
the vertical mode has achieved two objectives. 
First, it supports the validity of the established 
simplified fully mobilised studies denoted in 
Chapter 1. Second, the appropriate critical
temperature rise state has been established which is 
important, in formal or idealised terms, in that 
post-buckling characteristics can now be assessed.
Fig. 3.10 depicts the typical post-buckling mechanism 
in qualitative terms. Corresponding values for the 
primary parameters indicated in Fig. 3.10 are 
summarised in Table 3.4. That is, an idealised 
pipeline will not buckle until the critical temperature 
rise, Tc as denoted in Fig. 3.10 (a), is reached.
The pipe then snap buckles to point S. The static 
topologies defined in Figs. 3.2, 3.4 and 3.7 only
relate to this and ensuing states. Fig. 3.10 (b) 
depicts the corresponding buckling force character­
istics. At the critical state denoted by Pc , the
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force in the pipeline is given by Pc = PQ . After snap,
the force in the buckle reduces to the unique 
static value P = Ps , P& and location S being
prescribed by the statically unique buckling amplitude
w = w . The chain-dotted locus defines a path which m ms
the quasi-idealised system cannot, in principle,
follow due to snap at temperature rise Tc . This locus
is important, however, in that it forms an upper bound
to corresponding imperfection studies, particularly
the theoretically stable portion between T andmin
state S. State S (noting Ps ) has not previously been
reported and is of considerable importance to 
the design engineer. Care in interpretation must be 
taken, however, at high values of temperature 
because of the associated effects upon the mechanical 
quantities involved.
In view of the importance of imperfections upon 
realistic pipeline buckling performance and the 
general agreement of the rational loci with their fully 
mobilised equivalents, fully rational modelling of the 
remaining lateral modes has been left to further study. 
With regard to the vertical mode, the inherent 
limitation of the fully mobilised approach denoted in 
Section 1.4.7 has been overcome. The effect of 
variations in sea bed recovery, that is variations 
in geotechnical parameter c, has also been discussed.
- 167-
A number of further observations can be briefly noted. 
First, given the validity of the fully mobilised 
analyses in predicting generalised behaviour, 
the finite length of slip, Ls, can be determined,
if required, from Ls = (PQ - P)/</>^ q for the lateral
modes and Ls = (PQ - P - 0^qL)/<^q for the vertical
mode, at any post-buckling state denoted by buckling 
force P. Should the total length of pipe be less than 
the overall affected length, that is 2(L + Ls),
the required temperature rise will increase.(33)
Further, post-buckling behaviour may be subject to 
modal interaction. For example, a pipeline may be 
subject to lateral buckling once a trenched pipeline 
has buckled, initially, in the vertical plane.
This feature is left to further study, but, must be 
borne in mind in considering the foregoing work.
Finally, the influence of imperfections must be noted. 
Diagrammatic representations given elsewhere 
indicate the importance of the minimum safe temperature 
rise state. Typical qualitative imperfection loci
are illustrated in Figs. 3.8 and 3.10 (a), one
locus displaying snap buckling (type 1), the other 
affording a stable post-buckling path (type 2).
Of particular interest with respect to such loci is 
the fact that recovery upon subsequent cooling 
would not be total, due to the non-conservative 
nature of the frictional forces involved. However, the
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effect of this with respect to the vertical mode would 
not be as significant as it is in the case of 
lateral buckling in which lateral friction forces 
exist in the buckling region. This leads to the 
realisation that, upon recovery, any initial
imperfection would be increased with a consequent 
change in post-buckling characteristics should thermal 
buckling recur. For example, an imperfection
locus type 1 could degenerate into a locus type 2.
Finally, the specific parametric values determined 
from the foregoing quasi-idealised studies are of 
extreme form. However, the appropriate data trends 
established lead to the necessary inclusion of 
imperfections in order that realistic or practical 
structural behaviour is determined. Consequently, 
imperfection studies will be undertaken in Chapter 4.
A technical article^ J with regard to the rational 
modelling of lateral buckling modes has been accepted 
for publication and is included in Appendix I (C).
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C H A P T E R  4
IMPERFECTION STUDIES
4.1 INTRODUCTION
Submarine pipelines can be safely assumed to suffer
structural imperfections under field conditions.
Initial lack-of-straightness will occur during
laying operations and sea bed conditions will also
generally preclude a perfect lie. The present study
concentrates attention on the vertical mode and
lateral modes 1 and 2. With regard to the five lateral
modes depicted in Fig. 1.5, it is considered that
lateral modes 1 and 2 are more susceptible than the
remaining lateral modes to the most basic initially
deformed pipeline topologies, these imperfections
taking the form of fundamental symmetric and skew-
symmetric modal deviations from the idealised
lie. Further support for this choice of modes comes
from the quasi-idealised analyses' stress trends.
That is, values of T . for all six identifiedm m
submarine pipeline buckling modes are given in
Table 4.1 together with the corresponding buckle
amplitudes and maximum compressive stresses; attention
is also drawn to Fig. 1.5. It can be seen that
on the basis of T . (quasi-idealised), lateralm m
modes 3 and 4 are more critical than lateral modes 
1 and 2. This ordering is indicated parenthetically
-170-
MODE T . m m (°C)
vm  or wm Tmin
m (N/mm^)
min
Vertical 65.3 (5) 2.35 597
Lateral 1 63.6 (4) 2.4 606
Lateral 2 61.6 (3) 1.4 495
Lateral 3 60.6 (2) 1.9 547
Lateral 4 60.5 (1) 1.3 479
Lateral 00 77.5 (6) 0.5 261
Table 4.1 Quasi-Idealised / Fully Mobilised 
Analyses - Stress Trends at T .
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adjacent to the respective T values. However, themin
corresponding stress levels are consistent with an 
underlying and alternative interpretation with 
the vertical mode and lateral mode 1 generating the 
highest stress levels. That is, accepting that 
imperfections will be present in practice, lateral 
mode 1 is notable for generating the highest stress
trend of all the lateral modes. Taken in conjunction 
with the basic nature of the physical imperfection 
concerned, it is considered that, in practical terms, 
lateral mode 1 is the most significant symmetric 
lateral mode with respect to imperfection consider­
ations. Similar reasoning suggests lateral mode 2 is 
the most significant skew-symmetric mode, lateral
modes 3 and 4 being, in engineering terms, subordinate 
forms of lateral modes 1 and 2 respectively.
All four modes can be considered to be localised 
versions of lateral mode oo , this feature being
reinforced by the presence of a particular imperfection 
in a particular locality.
In the three cases studied, the variable or
deformation-dependent axial resistance forces 
introduced in the previous chapter are incorporated 
in the respective analyses; this feature is of 
particular importance with respect to the vertical 
mode study as the established modelling - note
equations (1.180) and (1.181) - has been shown to be
-172 -
invalid at small values of vertical displacement. 
The refined axial friction-response locus obtained 
from the geotechnical experimentation in Chapter 2, 
noting Fig. 2.15 and equations (2.15), (2.16) and
(2.19), accordingly takes the form
In view of the fact that the boundary collocation
analyses associated with the variable or deformation- 
dependent nature of the lateral friction resistance
and submerged self-weight with regard to lateral 
mode 1 and the vertical mode studies respectively
support the validity of the simplified fully mobilised 
studies denoted in Chapter 1, it is proposed to
employ the appropriate fully mobilised characteristics 
of the above features in the ensuing analyses.
This will enable a set of formal analyses, using the 
Principle of Stationary Potential Energy Approach,
together with the incorporation of structural
imperfections, to be undertaken in a concise manner.
Briefly, the total potential energy of a system
is given b y ^ ^
(4.1)
where
*A = °'7 u . = 5 mm 0 (4.2)
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V = U - W (4.3)
where V is the total potential energy function, U is 
the generalised strain energy and W is the external 
potential work function. The corresponding equilibrium 
state equation takes the form
6v = 0 (4.4)
This Potential Energy Approach can be demonstrated
by considering the well-established pin-ended
Euler strut, typified in Fig. 1.2 (b), with an
initial imperfection as shown in Fig. 4.1. The
transverse displacement expression obtained from
the corresponding idealised equilibrium analysis
(51)can be shown to be
w = wm sin(TTx/L) (4.5)
For imperfection studies regarding the pin-ended strut, 
the initially deformed shape can be assumed to 
take the ’sympathetic' form
wo = wom sin^ x/L) (4.6)
in which wQ and wom denote the respective transverse
displacement and maximum amplitude of the imperfection 
topology. The total potential energy relating
to the deformed state, noting equation (4.3), 
affords
-17A -
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v = lo °-5EI(w'xx-wo'xx,2dx - lo 0.5P[(w,x)2-(wo ,x) ]dx
(4.7)
Incorporating the equilibrium state equation (4.4)
in terms of kinematic generalised coordinate wm (25)V I  U A V H ^ l l V y l O X l O U U u v ; u i  U A U U U U
such that 
dV
dwm
= 0 (4.8)
the buckling force P can be derived, noting equations 
(4.5), (4.6) and (4.7), to be
- ■ ”2rf I1-91L
This expression is graphically represented as
imperfection locus type 2 in Fig. 1.2 (c).
4.2 LATERAL MODE 1 ANALYSIS
The essential features of lateral mode 1 are shown in 
Figs. 4.2 (a) and (b). The former figure details the 
topology whilst the latter depicts the axial force
distribution within the pipe. Regarding the
imperfection parameters, w_ and w.^ represent theu urn
respective lateral displacement and maximum amplitude 
whilst the appropriate buckling length parameter is 
denoted by L^ , where L^ = 2LQ. Given that the
buckling length is a variable, then worr/Lo forms
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the quintessential imperfection parameter. This
parameter is unique in as much as wQrn and LQ or
are dependent. In the absence of sumbarine pipeline 
data relating to practical or field values for this 
imperfection ratio, data trends were to be sought on 
the basis of the ratio varying from 0.003 through to 
0.010; it was noted that BS 4848 : Part 2 : 1975 
stipulates a limit of 0.002 for structural steelwork. 
The linearised lateral displacement equation appertain­
ing to quasi-idealised pipelines involving fully 
mobilised lateral resistance and given in equation
(1.39), can be rewritten
2 2 2 2 w = --- . (1 + n L / 2 - n x / 2 ~  cos nx/cos nL)
Eln
0 « : x ^ L  (4.10)
where
nL =4.4934 (4.11)
The maximum amplitude of the buckle, at x = 0, can 
then be given by
w = —1 —7— = 3.8512x10 (4.12)
m Eln4
where L is the unprescribed buckling length and 
= (1 + n^L^/2 - 1/cos nL) = 15.698465, such that
substituting equation (4.12) into equation (4.10)
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yields the transverse displacement expression
w = (1 + n^L^/2 - n^x^/2 - cos nx/cos nL) (4.13)
K 1
From the foregoing, the imperfection displacement 
expression can be ’sympathetically’ assumed to be
(4.14)
(4.15)
amplitude,
wom = 3-8512X10"2 ^ Lo (4.16)
This equation displays the previously denoted 
dependence of w ^  and LQ . The physical imperfection
corresponding to equations (4.14), (4.15) and
(4.16) takes the form of a basic symmetric wave and 
relates, in practical terms, to a lateral deviation 
from the intended or idealised lie. Employing 
symmetry, the total potential energy relating to 
the deformed state is given by
where
n L = 4.4934 o o
and, wom' t i^e maximum imperfection 
noting equation (4.12), takes the form
wo = ^2® (1 + n2L2/2 - n2x2/2 - cos nQx/cos
0 ^ x « Lq
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V = f0° 0.5EI(w,xx-wo ,xx)2dx
+ ^  0.5EX(w,xx-wo ,xX)2<ix
rL
+ J 0° q(w “w0 )dx + <3(w “w0 )dx
- ^Q° 0.5P [ (w,J2-(w_/v)2 ]dxx o x
-  I l  ° - 5 P [  <W ' x ) 2 - ( Wo ' x ) 2 ] d xo
Ti1 0.5EI(w , ) ^ dx = qw dxJ Lq o xx iLQ M o
o x
and, further, with
dwm So° °-5EI<wo'xx)2dx = m S °  qWo dx
d
(4.17)
the corresponding equilibrium state equation being 
written
dV = o (4.18)dwm
It can be seen from Fig. 4.2 that
= r£ 0.5P(w„,„)2dx = 0 (4.19)0 o
dwm Io° °-5P(wo'x)2dx = 0 (4,20)
then equation (4.18) becomes, upon substitution
from equation (4.17)
-180-
dV = d_
dw dwwm m L
0.5EI(w. )2dx - ^n° El(w, ) (w , )dxJO ' 'xx JO xx o'xx
Jo qw dx - 0.5P(w,x)2dx = 0 (4.21)
Upon substitution from equations (4.13) and (4.14) and 
integrating, equation (4.21) becomes
dV
dw dwm m
22.68130 EIn3w2/K2 - R.EIw w nn2/K2 m l 1 m  om o 1
2 ,„2+ 30.24174 qw /(nK,) - 37.80217 Pnw /K  ^m 1 ™m
(4.22)
where
[■R1 = 4.60314 sin(4.4934 LQ/L)
+ 2 30157 | Sin 4 *4934C +L0/L) + sin 4 .4934 (1-L0/L)
(L/L0+1)
Differentiating, equation (4.22) becomes
(L/Lq -1)
(4.23)
45.36260 EIn3w /K2 - R.EIw nn2/K2 + 30.24174 q/(nK1) m l 1 om o 1 I
- 75.60434 Pnw /K7 = 0 m 1 (4.24)
which upon simplification, noting equations (4.11), 
(4.12), (4.15) and (4.16), yields the buckling force
-181-
FTP = 20.19 IT 1 -
‘1
75.6 0 XL< & (4.25)
Bending moment is afforded by
M = El (w, - w , )'xx O XX (4.26)
which gives the maximum moment, at x = 0, upon 
substitution from equations (4.13) and (4.14), to be
M = -0.27751 <f>r q (L2-L?) m Jj u (4.27)
the negative sign correctly indicating flexural 
compression to be acting on the lower part of 
the pipeline section. The maximum compressive
stress o^ induced in the pipe is thereby, noting 
equations (1.31), (4.25) and (4.27), obtained
to be
AL 75.60VL/
+ 0.27751 giTqr (L2-L2) /ILi O
(4.28)
Having established the relationships between w, L, 
am  and the buckling force P, it is now necessary 
to determine the dependence of P upon T, the 
temperature rise. This is achieved by considering 
the slip length characteristics. It is proposed to
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employ a deformation-dependent axial friction force 
modelling as denoted in Figs. 2.15 and 4.2. The 
formulation of the slip length region is the same as 
that given in Section 3.3.1; that is, equations (3.14) 
through (3.18) remain valid.
It is noi; necessary to set up a matching compatibility
expression at the interface of the slip and buckling
lengths, x = L. Incorporating the presence of
the imperfection w /L , equation (1.29) giveso o
»8 = - ^ 2 ^  - °-5 [ So(w'x)2dx - lo°(wo'x)2dx 1 (4-29)
which yields, noting equations (4.13) and (4.14),
U_ = (P0-p)L _ 1 .0225x1 <L7-L7) (4.30)
S AE VEX / °
Solutions for (PQ - P) and us are thereby obtained in
terms of discrete values of L employing a computerised 
non-linear iterative algorithm involving equations 
(3.18) and (4.30). The numerical evaluations have 
been carried out, noting equation (4.16), for 
a series of eleven imperfection ratios v^pp/Lg ,
noting that Lq = 2L, from 0.003 through to 0.010.
The pipeline parameters employed are again as 
denoted in Table 1.2. Results for (PQ - P) are then
-183-
substituted into equations (1.6), (4.12), (4.23) and
(4.25) to produce the loci depicted in Figs. 4.3 and 
4.4 (a). Only those loci for v^ / L q of 0.003, 0.007
and 0.010 are shown for reasons of clarity. The loci 
in Fig. 4.4 (b) are obtained by substituting the
respective values of L into equation (4.28).
4.3 LATERAL MODE 2 ANALYSIS
The topology and axial force distribution depicted in 
Figs. 4.5 (a) and (b) respectively represent the
essential features of lateral mode 2. The linearised 
lateral displacement equation, relating to idealised 
pipelines based on fully mobilised lateral resistance, 
is given by, noting equations (1.64) and (1.65),
. T 4
w  =   [1  -  c o s ( 2 t t x / L )  + x r s i n  ( 2 t tx / L )
The maximum amplitude of the buckle, at x = 0.3464L, 
is
+ 2tt2 (1-x/L)x/L] (4.31)
= K2<*LqL
4
5.532x10~3 ^LqL
4
w (4.32)m El
where L is the unprescribed length and K^= 8*6211496.
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Substituting equation (4.32) into equation (4.31) 
yields the lateral displacement expression
w 2
w  = [ 1  - cos(27ix/L) + nsin ( 2 t t x / L )  + 2rr (1-x/L)x/L]
2 ( 4 . 3 3 )
From the foregoing, the imperfection displacement 
expression can be assumed to be
ww = [1 - cos (2nx/L ) + 7rsin(27rx/L )o o o
+ 2 tt2 (1-x/Lq) x/Lq] 0 « x  « Lq (4.34)
where w represents the maximum imperfectionom
amplitude which, noting equation (4.32), takes the 
form
4
w   = 5.532x10 ^LqLo (4.35)om El
The physical imperfection corresponding to equations
(4.34) and (4.35) therefore takes the form of 
a basic skew-symmetric wave. Employing skew-symmetry, 
the energy formulation is similar to that of lateral 
mode 1 analysis. Accordingly, equations (4.17) through 
(4.21) can again be employed. Upon substitution 
from equations (4.33) and (4.34) and integrating, 
equation (4.21) becomes
-188 -
dV ddw dw_m m L
(127^ +4tt*)EIw 2 8tt2EIw w R9' m m om 2
2 3K2 L 2 2 K2 Lo L
l a w  L ~ Pw^ 0 A
+ L -. m  (1+ JT / 3 ) ---^2- (10n +107T /3)K. = 0 (4.36)k 2 L
where
R„ = sin (27TLo/L)
(L/L ) (tt +L/L )'
1 - (L/LQ)
0 ,+ 2jtL /L2 ] o
+  7T [ 1 -cos (2" V L) ] iph^) (4.37)
Differentiating, equation (4.36) affords
(247t4 +2>t£) EIw.m
2 3K2 L
8tt EIw R_ <j)Tq 02 + (1 +7r /3)2 2K9 L2 O K.
Pw
K2 L
—  (107T2 + 107T4/3) = 0 (4.38)
which upon simplification, noting equations (4.32) and 
(4.35), yields the buckling force
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Noting equation (4.26), the maximum bending moment M
at x = 0.299L, upon substitution from equations (4.33) 
and (4.34), is given by
Further, the maximum compressive stress am  induced in
the pipe is thereby, noting equations (1.31),
(4.39) and (4.40), obtained to be
Having established the essential relationships 
appertaining to the buckling region, those concerning 
the slip length are now determined. The formulation 
is similar to that given in the lateral mode 1 
analysis; that is, equations (3.14) through (3.18) 
again remain valid. The matching compatibility
expression at the interface of the slip and buckling 
lengths, x = L, noting equations (4.29), (4.33) and
(4.34), takes the form
m
M = -0.10884 0Tq (L2-L2) m L o (4.40)
+ 0.10884 0 qr(L -L )/I
2
crm
(4.42)
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The solution procedure for (P - P) and u^ is aso ^
previously; equations (3.18) and (4.42) are solved 
iteratively in terms of discrete values of L.
Numerical evaluations have been carried out, noting 
equations (4.35) and Table 1.2, for the previously 
denoted range of eleven imperfection ratios (w^ / L q ),
Lq = Lq. Results for (PQ - P) are then substituted 
into equations (1.6), (4.32), (4.37) and (4.39) to
produce the loci depicted in Figs. 4.6 and 4.7 (a). 
The loci in Fig. 4.7 (b) are obtained by substituting 
the respective values of L into equation (4.41).
4.4 VERTICAL MODE ANALYSIS
The essential features of the vertical mode are shown 
in Fig. 4.8 (a) and (b) which depict the respective
topology and axial force distribution. With regard to 
the imperfection parameters, vQ and vorT) represent the
respective vertical displacement and maximum amplitude.
The analysis for the buckling region is identical to
that of lateral mode 1. Equations (4.10) through
(4.28) remain valid except that w, together with its
related components, and <f> q are now replaced by v andLi
q respectively. The physical imperfection correspond­
ing to equations (4.14), (4.15) and (4.16) therefore
takes the form of a basic symmetric wave; this 
will act as a potential ’pop-up’ trigger.
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The formulation of the slip length region is similar 
to that of Section 3.4; equations (3.20), (3.21) and
(3.22) remain valid. The matching compatibility 
condition at the ends of the buckle remains as given 
previously for the lateral mode 1 analysis, subject to 
the appropriate replacement of w and (/^ q by v and q. 
That is, equations (4.13), (4.14) and (4.29), so
modified, generate
(P -P) L o v 2 7
Us = ~AE - - 1 - 0 2 2 5 x 1 <L -LQ) (4.43)
this expression being analogous to that given in 
equation (4.30).
The solution procedure for (PQ - P) and us is 
as previously employed for the lateral mode 1 
analysis, equations (3.22) and (4.43) being solved 
iteratively in terms of discrete values of L. It is to 
be noted that since <f>^  = 1.0 (Chapter 2), the
revised equations are actually the same as equations 
(4.10) through (4.28) apart from w being replaced by v. 
Numerical evaluations have been undertaken, noting 
equation (4.16) and Table 1.2, for the previously 
denoted range of eleven imperfection ratios (herein 
vorr/Lo Lo = ^Lo‘ Results for (PQ - P) are then 
substituted into equations (1.6), (4.12), (4.23) and
- 195 -
(4.25) to produce the v-loci depicted in Fig. 4.9.
The loci in Figs. 4.4 (a) and (b), noting equation
(4.28), are also valid since <j> = 1.0.Li
4.5 ASSIMILATION
The imperfection ratios explicitly considered are 
denoted in Tables 4.2 and 4.3 together with the 
appropriate permissible temperature rise values, based 
upon the onset of first yield, and the corresponding 
buckling amplitudes. It is to be noted that the 
squash load for the pipeline parameters considered,
denoted in Table 1.2 is 13.4 MN, which corresponds 
to a temperature rise of 197.7°C. Perusal of 
Tables 4.2 and 4.3 therefore shows that buckling
action will occur in practice. Prior to further 
consideration of Tables 4.2 and 4.3, and the ensuing 
implications, it is pertinent to assess the behaviour 
associated with the three imperfection ratios 
identified in detail previously - that is, with 
vo m ^ o  anc  ^wo rr/Lo taking the values 0.003, 0.007
and 0.010.
With regard to the respective temperatur rise/buckling 
amplitude loci given in Figs. 4.3, 4.6 and 4.9, it can 
be seen that only the relatively small imperfection 
ratio case (0.003) displays a maximum temperature
rise, Tm , together with the associated snap buckling
-196 -
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MODE VERTICAL LATERAL 1 LATERAL 2
Tm (°C) 79.6 78.9 69.7
0.003 Vm or wm (m) 0.30 1 0.30 1 0.25 I
Vm or wm (m) 5.95 *
16.21 + {2.86 *
Tm (°C) 72.9 72.1 64.1
-  0 0.0035 Vm or wm (m) 0.38 1
0.37
1
0.32
1/L
pm
Vm or wm (m) 4.79 * 5.03 * 2.21 4
£
uo Tm (°C) 67.8 66.9 *60.0
> 0 0.004 Vm or wm (m) 0.48 1 0.47 1 *0.42 1E0> Vm or wm (m) 3.83 4 4.05 4 *1.64
oHH
<es
zOt—t
O
Tm <°C) 63.9 62.8 *57.1
0.0045 Vm
Vm
or m
or w m
(m)
(m)
0.60 |2.99 * 0.59 13.20 * *0.60 |*1.02 *
w ■ 
OSwPh Tm (°C) *60.9 *59.8 NAsHH 0.005 Vm or wm (m) *0.77 1 *0.74 1 NA
Vm or wm (m) *2.18 *2.41 NA
Tm (°C) NA *57.5 NA
0.0055 Vm or wm (m) NA *1.06 1 NA
Vm or w m (m) NA
I*1.43 * NA
* Non-crucial values on basis of yield - refer to Table 4.3 
I Indicates snap
Table 4.2 Maximum Temperature Rise, T^
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MODE VERTICAL LATERAL 1 LATERAL 2
0.004
T (°C)y
v or w (m) m m
NA
NA
NA
NA
♦64.2
♦2.26
0.0045
T (°C)y
v or w (m) m m
NA
NA
NA
NA
♦64.9
♦2.37
* o
"e0£
uo
* 0
ao>
owEh<C05
5SOMEhUwPm05WPh5SHH
0.005
T (°C)y
v or w (m) m m
♦62.3
♦2.67
♦60.5
♦2.67
65.6
2.49
0.0055
T (°C)y
v or w (m) m m
62.3
2.81
♦60.5
♦2.81
66.3
2.60
0.006
T (°C)y
v or w (m) m m
62.4
2.95
60.6
2.95
67.0
2.71
0.007
T (°C)y
v or w (m) m m
62.8
3.22
60.9
3.22
68.6
2.93
0.008
T (°C)y
v or w (m) m m
63.3
3.48
61.4
3.48
70.1
3.14
0.009
Ty (°C)
v or w (m) m m
64.0
3.74
62.0
3.74
71.8
3.35
0.010
T (°C)y
v or w (m) m m
64.7
4.00
62.7
4.00
73.4
3.55
♦Snap followed by yield, refer to * on Table 4.2
Table 4.3 Temperature Rise at First Yield, Ty
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phenomenon. The remaining two cases (0.007 and 0.010) 
generate stable post-buckling paths. In all three 
modes, the respective loci are of converging form as is 
to be anticipated; indeed, the modes afford character­
istics which are in general agreement with those 
reported in the related field of rail track 
buckling^0' , although in the present study it
is to be recalled that the buckling length L is
unprescribed. It is to be noted that the results
obtained relate to small deformation studies,
the onset of slopes in excess of 0.1 radians being
indicated in the three figures concerned. The loci
are therefore conservative in this larger deformation
(20,28)range.
The general characteristics for the respective 
buckling force/buckling amplitude and maximum 
compressive stress/buckling amplitude loci for 
all three modal studies, given in Figs. 4.4 and 4.7, 
are again of common form. Fig. 4.4 is directly 
applicable to both the vertical mode and lateral
mode 1 (0 = 1.0) studies. As illustrated in
Figs. 4.4 (a) and 4.7 (a), all imperfection ratio
cases generate maximum buckling force states; it 
should be noted that in the low imperfection ratio
case, this state does not exactly coincide with the 
corresponding maximum temperature rise state. 
This feature is again in agreement with studies in the
- 200 -
OQ\related field of rail track buckling. Figs. 4.4
(b) and 4.7 (b), read in conjunction with Figs 4.3,
4.6 and 4.9, suggest that for the stable config­
urations, the temperature rise required for the 
onset of first yield increases with increasing 
imperfection ratio. This feature will be discussed 
further when consideration is given to all the
imperfection ratios studied. Care must be taken 
with the small imperfection ratio snap buckling 
cases, however, as the first yield state is incurred 
during snap. This implies that yield is first 
incurred with the onset of the respective maximum 
temperature rise, this feature being indicated 
by use of the dashed locus.
The corresponding quasi-idealised/fully mobilised 
buckling loci are included in Figs. 4.3, 4.4, 4.6,
4.7 and 4.9. The inclusion of imperfections can be
seen to result in a significant reassessment of 
'safe temperature rise'^®'^'^^ , identified in
quasi-idealised terms in Figs. 4.3, 4.6 and 4.9 by
Tmin* Credibility with regard to the quasi-idealised/ 
fully mobilised loci given in Figs. 4.3, 4.4, 4.6,
4.7 and 4.9 is also to be restricted given the 
possible snap phenomenon associated with such studies. 
Noting this, it is deemed appropriate to employ 
’permissible’ rather than ’safe’ with respect 
to the design interpretation of limiting temperature
-201-
rise.
Considering the whole set of imperfection ratios 
studied, then Tables 4.2 and 4.3 present data 
relating to the establishment of permissible temp­
erature rises Tp. The cases given in Table 4.2 are
those involving a maximum temperature rise state (Tm ) - 
recall the 0.003 imperfection ratio loci given in 
Figs. 4.3, 4.6 and 4.9 - whilst those cases in which
the first yield state is incurred statically, at 
temperature rise Ty with or without a prior snap, are
listed in Table 4.3. There is some overlap between 
the tables due to the fact that there are essentially 
three possible configurations dependent upon the 
magnitude of the delineated imperfection ratio. 
First, there are those cases involving a Tm  state in
which the ensuing snap buckling results in achievement 
of a stable state which involves stresses in excess 
of first yield. These cases are associated with 
relatively low imperfection ratios and are given in 
Table 4.2 with Tp = Tm -
Second, there are those cases involving a Tm  state in
which snap bucking occurs but the post-snap stable 
state is sub-yield; these cases, involving middle-order 
imperfection ratios, are denoted in Tables 4.2 and 4.3 
by an asterisk, with Tp = Ty> Tm- should be noted
- 202-
that from the design aspect, for the medium range 
imperfection ratios in which the post-snap state is 
sub-yield, it could be argued that the maximum 
temperature rise Tm  should be taken as the permissible
temperature rise Tp. This assumes snap to be
undesirable in practice. However, for such cases
involving a relatively large discrepancy in the 
respective Tp values (eg 10%) the degree of snap is 
small; cases in which the degree of snap is more 
substantial show only small discrepancies in the 
respective values of Tp. Design would involve the
application of safety factors, however, and such 
matters could be simply resolved by their appropriate 
application.
Third, there are the cases relating to higher
imperfection ratios which involve a fully stable 
path such that Tp = Ty ; these cases are given
in Table 4.3. The pairs of deformation values
(v or w ) given in conjunction with each Tm  value m m  m
in Table 4.2 correspond to the amplitudes associated 
with the temperature rise Tm  pre- and post-snap.
The single-valued amplitudes given in Table 4.3
simply denote the first yield state.
It can therefore be suggested that there are three 
imperfection range classifications, low, medium 
and high. Low imperfection ratios are associated
- 203 -
with permissible temperature rises restricted, 
subject to safety factors, by maximum temperature 
rises associated with snap buckling. Medium ratios
will involve careful consideration of sub-yield snap 
buckling whilst high ratios will afford the most 
stable and predictable basis for yield stress 
based permissible temperature rises. The imperfection 
ratio ranges associated with these classifications 
vary between the different modes and will be subject
to individual pipeline parameters; note Table
1.2. The above considerations are illustrated in 
Fig. 4.10 and shown qualitatively in Fig. 4.11.
A possible fourth classification, wherein snap and 
yield occur simultaneously, is also denoted in 
Fig. 4.11.
Fig. 4.10 is, subject to the imposition of safety 
factors, effectively a design chart for thermal 
submarine pipeline buckling with respect to the 
particular pipeline parameters employed. The
general trends are that for low imperfection ratios, 
the permissible temperature rise decreases with 
increasing imperfection ratio, whilst for high 
ratios, the permissible temperature rise increases 
with increasing imperfection ratio. Intermediate 
ratios require due consideration to be made regarding 
the conflicting requirements of snap buckling and 
yield stress onset. With regard to the range
-204-
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of imperfection ratios chosen (0.003-0.010), it can be 
seen that it allows for treatment of each of the 
three possible snap/yield configurations. Further, 
effective length has been deemed in each mode 
to lie between non-transversely-displaced adjacent 
nodes of contraflexure. It is felt that each of the 
three modes generate related characteristics, note 
Fig. 4.10, on this basis.
Finally, noting the previous argument relating to the 
role of the respective quasi-idealised modal maximum 
compressive stress levels in determining the relative 
importance of the various lateral modes, it is 
sugested that for high imperfection ratios, the 
(stable) curves appertaining to lateral modes 3 
and 4 appropriate to Fig. 4.10 will lie between those 
given for lateral modes 1 and 2 and above that for 
lateral mode 2 respectively. The corresponding 
infinity mode locus will then lie above that corresp­
onding to lateral mode 4.
4.6 SUMMARY
An archetypal design chart for use in thermal 
submarine pipeline buckling has been produced. 
Clearly, such a chart could be prepared for alternative 
pipeline parameter and imperfection ratio data. 
The study has illustrated the effects of basic
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physical imperfections appropriate to the problem 
involved. The modes investigated have been considered 
upon the basis of their being the most sympathetic 
and susceptible to such localising physical. 'triggers *. 
The permissible temperature rise values obtained 
demand that careful attention must be paid to 
these studies for, as already stated, oil and 
gas temperatures under field conditions could be as 
high as 100°C above that of the water environment.
A yield stress based permissible temperature rise 
criterion, suited to both the design of new pipelines 
and the assessment of existing pipelines, has
been suggested. This is considered to be superior
to the somewhat vague fully mobilised safe temperature
rise concept previously delineated despite the 
absence of quantitative knowledge of the probable 
idealised critical state snap. That is, the quasi­
idealised criterion offered little help in determining 
the appropriate post-buckling characteristics,
making identification of the location of the pipeline,
should buckling occur, impossible. The proposed
approach affords formal post-buckling displacement 
characteristics, including information on the 
onset, or otherwise, of plasticity during buckling.
Whilst it is not suggested that the present study 
totally overcomes such problems, difficulty lying 
with identifying any given physical imperfection,
-208 -
data trends can now be determined. Basing permissible 
temperature rise upon the maximum temperature 
rise state for low imperfection ratios causes such 
cases to be imperfection sensitive, a feature 
not experienced with the medium and high imperfection 
ratio cases; note Figs. 4.10 and 4.11.
Of additional interest is the possibility that 
recovery upon subsequent cooling would not be total, 
due to the non-conservative nature of the frictional 
forces involved. This leads to the realisation 
that, upon recovery, the imperfection ratio would 
have increased with a consequent change in post- 
buckling characteristics should thermal buckling 
recur. Such post-buckling considerations are
perhaps particularly important with regard to 
trenched pipelines undergoing vertical buckling 
’pop-ups’ - in view of the possibility of raised
pipelines fouling, for example, anchor cables.
Finally, it must be recalled that the effects of 
residual stresses remain to be considered, although 
their effects could perhaps be interpreted in 
terms of equivalent initial lack-of-straightness. 
Further, the eccentricity of the frictional forces
with respect to the pipe centreline has been neglected. 
Both features require further study. It should also
be noted that the initial assumption that the
material response be deemed to be elastic has been
- 209 -
shown to be appropriate although medium and high
imperfection ratios lead to yield criteria involving
slopes in excess of 0.1 radians. That is, the
(20 28)appropriate data is conservative ' with a
non-linear kinematic study being required to improve 
this situation.
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C H A P T E R  S
COMMENTS AND CONCLUSIONS
5.1 PRIMARY ASSESSMENTS
Of particular importance to submarine pipeline
byckling behaviour is the necessity of determining 
not only permissible design parametric values in 
order that buckling be avoided but also the probable 
location of the pipeline should buckling occur.
Construction methods and pipelaying techniques are 
both sophisticated and expensive; investment is 
substantial and failure of a pipeline is costly 
both in terms of lost production and repair costs. 
Submarine pipelines therefore require the utmost care 
in engineering design.
At the commencement of the research programme, 
submarine pipeline buckling studies were essentially
limited to the simplified fully mobilised analyses 
detailed in Chapter 1. Indeed, they were not
so succinctly presented, and relied heavily upon 
associated rail track studies. Not only have errors 
and limitations contained within these studies been 
determined and delineated, two enhanced sets of 
analyses have been developed employing a variety of 
mathematical techniques. These revised analyses
can be considered to consist of two complementary 
computational suites or programmes of study, one
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other oriented quite specifically about the require­
ments of engineers in practice. The former programme 
of study deals with critical state studies, the
latter with imperfection loci. Both programmes make 
quantitative post-buckling loci available for the 
first time with regard to submarine pipeline buckling. 
Taken together, these programmes of study afford a 
previously unavailable insight into the nature of
sumbarine pipeline buckling. Design implications, 
based upon these analyses, have been delineated.
Given that the idealised and imperfection studies
are dealt with in Chapters 3 and 4 respectively,
it has to be recalled that the associated geotechnical 
factors developed in Chapter 2 are of crucial 
importance in establishing the relevant geotechnical 
parameters involved in the aforementioned buckling 
computations. These empirical parameters were
established by experimentation and are of novel form 
in their own right. Economics determined that model 
testing be employed with engineering judgment 
being used for extrapolation to full scale field 
values.
A concise overview of the research programme is 
presented by means of Figs. 5.1 and 5.2 wherein 
the established and enhanced behavioural loci 
concerned are presented in terms of variable scale
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submarine pipeline buckling. Clearly, the analyses 
presented could be employed with alternative pipeline, 
material and geotechnical parametric values; applic­
ation to submarine pipeline buckling involving 
pressure gradients is readily available.
5.2 ASSOCIATED FACTORS
There is widespread use of numerical techniques 
in advanced engineering problems where formal 
solutions are unavailable; the present study is no 
exception. Numerical integrations have been undertaken
employing Simpson’s Rule to solve complex integral 
functions. In cases involving highly non-linear 
simultaneous equations, an in-house developed 
iterative solution procedure has been employed
using a computerised non-linear iterative algorithm. 
Further, relationships between geotechnical parameters 
(jf> and e have been determined by means of computer 
generated linear and cubic interpolation curves
using the Least Squares method. Several methods of
analysis, each suited to a particular problem,
have been employed. Fully mobilised studies have been 
analysed in closed form using formal continuum 
analysis involving linearised differential equations. 
In the critical state studies, the boundary collocation 
method has been employed in view of the complex
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non-linear field equations which prevent closed form 
solutions being obtained. Lastly, imperfection
studies have been carried out by means of the 
Principle of Stationary Potential Energy Approach.
All numerical evaluations have been carried out on 
the IBM 4341 8 Megabyte mainframe computer under
the VM/CMS virtual system using Fortran programming 
with the appropriate computer graphics being obtained 
employing the Gino graphics suite routines. Indeed, 
numerical evaluations of the analyses would have been 
virtually impossible without access to a digital 
computer. In order that some appreciation of this 
feature be made available, a concise set of typical 
programme listings is included in Appendix III.
Recourse was made as necessary to experimentation 
particularly with regard to the geotechnical parameters 
relating to friction resistance and sea bed recovery 
characteristics. This experimentation provided the 
means for the appropriate development of the research 
programme. Employment of empiricism and engineering 
judgment has been necessary in order to apply the 
aforementioned mathematical techniques.
5.3 SUGGESTIONS FOR FURTHER STUDIES
Perfect elasticity and small deformations (slopes <0.1
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radians) have been assumed throughout the present 
study. Should plasticity and/or finite deformation 
occur, the analyses presented cease to be effective. 
Further, on unloading, yielding will result in 
permanent set of the pipe and this will act as an 
additional imperfection on subsequent reloading. 
Consequently, more complex kinematic non-linear 
analyses would provide for a better definition of 
the post-buckling paths involving buckling slopes 
in excess of 0.1 radians whilst elasto-plastic 
analyses would be appropriate to paths exceeding 
the elastic limit. An investigation into definitive 
imperfection ratios would also be apposite. This 
would involve assessment of sea bed topologies and 
the manner in which a pipeline’s sea bed lie is 
actually achieved in practice.
In view of the non-conservative nature of the 
sea bed recovery and friction characteristics, 
recovery upon subsequent cooling (unloading) would 
not be total, this also leading, as in the case 
above, to a revised imperfection topology should 
thermal buckling recur. Better understanding
of this feature would require full scale tests, 
involving heating and cooling the pipeline, in 
order to determine the appropriate sea bed recovery 
and friction parameters. Again, in-situ assessment 
would appear necessary.
- 217-
Finally, post-buckling behaviour may be subject to 
modal interaction. A pipeline may be subject
to lateral (or inclined) buckling once a trenched 
pipeline has buckled, initially, in the vertical 
plane. More importantly, a combination of both 
lateral and vertical (ie inclined) movements may 
occur throughout the buckling process, particularly 
in cases where the pipeline is initially resting in a 
wide trench. In-depth study of this behaviour
could involve a complex three-dimensional analysis 
combining both lateral and vertical buckling 
behaviours.
The foregoing suggested developments would lead to
the institution of highly complex analyses. However,
the assessment of definitive imperfection ratios is 
felt to be the most urgent of the proposals given in 
view of the fact that, in quantitative terms, this
is the most contentious issue incurred in this study.
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Regarding the Buckling of Pipelines Subject to Axial 
Loading
Neil Taylor and Aik Ben Gan
D epartm ent o f C ivil Engineering, Sheffield C ity  Polytechnic, Pond Street, Sheffield
SI 1 W B ,U K
SYNOPSIS
The buckling o f submarine pipelines subject to axial loading has received 
attention in the form  o f linearised study. 1 Both vertical and lateral 
deflection modes have been analysed. This paper concentrates on two 
crucial factors which must be considered further before any form al 
non-linear predictive analyses can be meaningfully undertaken.
NOTATION
m  plEI
n (P/E/)1/2
p Submerged weight of pipeline per unit length,
v Vertical displacement of the pipe
w Lateral displacement of the pipe.
x Cartesian coordinate with d2 w/d2x as second derivative.
A Cross-sectional area.
£ Young’s modulus.
I Second moment of area of cross-section.
L Buckle length.
L% Slip length.
P Axial force in buckled pipe.
Po Prebuckling axial force.
T Temperature increment.
a Coefficient of linear thermal expansion.
45
J. Construct. Steel Research 0143-974X/H4/$()3.00 0  Elsevier Applied Science Publishers 
L td . England, 1984. Printed in G reat Britain
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<i>,\ Axial coefficient o f friction.
<f)i Lateral coefficient o f friction.
1 INTRODUCTION
A uniform temperature increase, T, in a perfectly straight submarine 
pipeline will create an axial compression force due to constrained thermal 
expansion. Within the elastic range of the pipeline response, this force 
can be represented by:
Pv = A E a T (1)
where AE is the axial rigidity at the pipe and a is the respective coefficient 
of linear thermal expansion. During buckling, part of the constrained 
thermal expansion is released in the buckled region, L, which, taken 
together with the frictional resistance of the sea-bed/pipeline interface, 
results in a reduction in the axial compression to some buckling forcje P. 
The situation, with particular reference to the vertical mode, is illustrated 
in Fig. 1. Key parameters include L„, the slip length over which axial
(a)
r f i_ _ J
L/2 L/2
<»
(c) A^PL/2 jV0APL!
Fig. 1. (a) Vertical buckling mode; (b ) distribution of axial force before buckling; (c) 
distribution of axial force after buckling.
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friction resistance acts; <£A, the axial coefficient of friction; and p . the 
submerged weight of the pipeline per unit length.
2 VERTICAL DEFLECTION M O D E
Noting the related study of the buckling of rail track2 and referring to 
Fig. 1, the linearised differential equation is said to take the form:1
d2v/dJt2 + n2v + m(4jr-L2)/8 = 0 (2)
where v is the vertical displacement, n2 = P/EI and m  — pi El, El being 
the flexural rigidity of the pipe. Ensuing analysis leads to the evaluation of 
the critical load and explicit values of deformation, apparently offering a 
basis for more refined non-linear study. However, particular care would 
be required as such a study, surely incorporating some initial geometric 
imperfection parameter, would need to overcome the fact that eqn (2) is 
not valid at
v =  0  (3 )
as the corresponding curvature implies 
d 2i ' /d x 2 =  -m (4 x 2 -  L 2)/H =£ 0  (4 )
3 LATERAL DEFLECTION MODES
Again noting the related studies in the field of rail track stability,3 the five 
basic modes are as illustrated in Fig. 2. For the given problem of pipeline 
stability, it could be argued that as action (i.e., temperature rise) is of 
distributive form, a distributive response is to be anticipated. This leads 
to the logical conclusion that the infinity mode should be afforded as the 
critical response. Localisation would presumably then ensue as an elasto- 
plastic phenomenon.4 The analyses of Modes 1 to 4 are available from rail 
track studies3 whilst the infinity mode has been separately established.1 
This latter analysis indeed claims the infinity mode to be the critical case 
(i.e., that corresponding to the lowest temperature at which buckling will 
occur). However, closer inspection shows this claim to be erroneous, 
leading to realisation that either the above logical deduction relating to 
the infinity mode is incorrect or that the modelling employed1 is invalid.
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F ig . 2. Details o f lateral buckling modes (a ) M ode 1; (b ) M ode 2; (c) M ode 3; (d ) M ode 4;
(e) M ode x .
Noting Fig. 2, the linearised differential equation appertaining to the 
infinity mode is given as:1
d 'H -/d .v : +  n\v +  </>i [)(Ax:~ L.2)Wl (5)
where w is the lateral displacement and c/>, is the lateral coefficient of
Regarding the buckling of pipelines subject to axial loading
friction. Incorporation of the respective boundary conditions leads to the 
determination of the buckling load as:
P = 4tt2EIIL2 (ft)
The buckle length L is then determined from the compatibility 
expression:1
P„-P = AE/L$LI2lp Kd»v/dx)2cLr (7)
which affords:
Po = P+ (47-05 x.HrVf L* (K)
Importantly, this is not in agreement with the previous work in this 
field,1 although it is supported by analogous computations.'6 The crucial 
consequence is that the infinity mode, employing the established 
modelling,1 is not the critical mode.
This can be illustrated by referring to Fig. 3 which depicts the essential 
relationships between the various lateral modes for a typical set of
130-&2 120 -
S. no -EI®! 100-
90-
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80-
7 0 -
60-
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Fig. 3. Comparison of lateral buckling modes.
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parametric values.1 It can be seen that Mode 4 is the critical mode; it 
could, perhaps, be argued that this is a ‘semi-infinite’ mode. (Further, it 
should be noted that the vertical mode can be shown to be non-critical 
unless the pipeline is laid in a trench.)
4 CONCLUSIONS
Essential information is provided in this paper to allow prediction of the 
behaviour of submarine pipelines subject to axial loading, should this be 
desired. However, it would seem that a distinct improvement in the 
respective modelling assumptions is required if the buckling and large 
deflection behaviour is to be fully understood. The established approach1 
offers very little information on structural behaviour with regard to 
definitive load-displacement characteristics; further, the inherent small 
deformation assumption raises the problem of whether sea-bed resistance 
is indeed likely to be fully mobilised at the critical state. It should be noted 
that the relationships between pipeline and rail-track buckling studies are 
subject to the considerable differences between the respective ground/ 
structure interfaces. Perhaps a relatively crude non-linear modelling 
would serve as a better introduction to this area of work, offering a higher 
degree of consistency.
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ABSTRACT
An Important aspect of submarine pipeline behaviour 
relates to the possible Incursion of structural buckling 
during routine operation. An integral part of this area 
of study involves the resistance to movement provided 
by the supporting medium. It Is with the nature of 
these frictional resistance forces that this study Is 
primarily concerned. Sand was chosen as the support­
ing medium in view of North Sea conditions. The 
relative dearth of information available on this subject 
led to the institution of an experimental Investigation 
Involving some eighty-four small scale tests. Data 
trends are presented and scaling factors discussed) 
semi-empirlcal design formulae are then proposed.
NOMENCLATURE
A cross-sectional area 
E Young's modulus
? interface configuration (entrenched)
f friction parameter
1 second moment of area of cross-section
L buckle length
P pressure difference across pipe wall
P buckling force
F  Interface configuration (compacted)
q submerged weight of pipeline per unit length 
r pipe radius
R interface configuration (resting)
t wall thlcknass of pipe 
T temperature thickness
u axial displacement of the pipe
w lateral displacement of the pipe
x spatial coordinate
a coefficient of linear thermal expansion 
y theoretical friction locus coefficient
6 horizontal angle between the direction of pull and
an axis normal to the pipe centre line 
v Polsson's ratio
4 generalised friction coefficient
a^ generalised coordinatePA axial frictional resistance forca
Lj slip length
P0 prebuckling axial force
u( overall extension of slip length
Uq fully mobilised axial displacement ’
w^ fully mobilised lateral displacement
axial friction coefficient 
♦l, lateral friction coefficient
INTRODUCTION
The cost of failure with regard to submarine pipe­
lines is prohibitive both In terms of repair and lost 
production. As a result, the design and construction of 
such pipelines require the highest degree of rigour. 
Amongst the contingencies for which the offshore 
engineer must be prepared is that concerned with the 
effects of some axial compression being set up within 
the pipeline during routine operation. These compress­
ive forces are Induced by the frictional restraint of 
axial extensions due to change in temperature or 
Internal pressure. With oil temperatures up to 100° C 
above that of the water environment and operating 
pressures over lON/mm^, these forces can be substantial 
given the ability of the plpellne-sea bed Interface to 
generate the necessary resistance. Clearly, this gives 
rise to the risk of structural buckling.
Analyses concerned with the buckling behaviour of 
submarine pipelines caused by axial compression have 
been carried out in the form of linearised studies (1_), 
(2). Both lateral and vertical modes have been Identi­
fied,- Tigure 1 illustrating a typical lateral sxjde,
— wfiereln the pipeline snakes across the sea bed, to­
gether with the respective axial force distribution.
Both axial and lateral frictional resistance forces, 
identified by distributed forces ^ q  and 4Lq respect­
ively, are involved) vertical buckling only involves 
axial frictional resistance forces as typified by t&q. 
In order to identify the role of these frictional 
forces, it Is instructive to briefly consider the 
essential mathematics concerned.
Initially, the axial force generated In a pipeline 
due to restrained thermal expansion can be given by
P„ ■ EAgT (1)
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la 1 Topology IPIanl
Ibl Ailol foteo distribution
Fifurs 1 Typical lalaral bucbllnp mod*
whir* AE is thi axial rigidity ot thi pipe, a is thi nipictivi CMfflclint ot Ilnur thermal expansion and 
T riprmnti thi temperature l n c n m .  Alternatively, 
thi ixlil forci generated d m  to restrained priiiun 
•xpindon cin b« given by
Po “ *|£(0.5 - w) (2)
whir* A 1* the cross-sectional iru, p Is thi increase 
in internal pressure, r and t are the pipe radius and 
wall thickness and v denotes the respective Polsson's 
ratio. Assvming pipeline response to be elastic and 
eaqiloying the appropriate equilibrium and compatibility 
relationships,-then, for the mode Illustrated in 
figure 1, either Eq. (1) or Eq. (2) Is equated with
P0 - 2B.2EI + 1.60B4AqL L2[l*2.144xlo“V  4l 2\ AEqL51 - l \(EI)2J J (3)
length whirl paramitir f is, in formal terns, son* 
variable in x tor OSxSLg.
A
35-.'
fq par unit langth
Flpura 2 Slip length detail
Equilibrium affords ths slip lsngth frictional 
raalatance forca to ba tnors formally given by
fq dx - P„
where El represents the flexural rigidity of the pipe, 
q Is the submerged weight of the pipe per unit length, 
4a and 4j, are the'fully mobilised axial and lateral 
friction coefficients respectively, and L Is the 
variable buckling length (_1) , (jl). Following the 
solution for L, associated expressions afford knowledge 
of the critical state and the ensuing post-buckling 
path. However, three aajor asswptlona are Involved! 
both the lateral and axial frictional resistance forces 
are taken to be fully mobilised throughout, linearised 
curvature Is employed and physical imperfections are of 
sysbollc form only. Whilst information on the latter 
pair of structural assimiptions can be said to be 
readily available (_3), (4) (gross sectional distortion 
as associated with laying operations (SI is not a 
factor here), little Information is available with 
regard to the nature of the frictional forces involved.
The established modelling employs, for example, a 
resultant axial frictional force F^ given by
rA - *A q 4 «>
where tj represents the slip length (£),(2) over which 
the axial frictional resistance force Is taken to be 
developed! this feature Is Incorporated In Figure I 
Slid la »ue a|^ iri^ ,r lately dels (lid In Figure 2. The 
filctlonal force Is denoted therein by fq per unit
where P Is the buckling force in the pipeline. It can 
be seen from Eq. (4) and Eq. (S) that the established 
modelling therefore assumes f to be a constant (4a ) 
throughout the slip length, surely a simplification of 
some extent. It la with the behaviour of f, therefore, 
that this study is primarily concerned. Although thera 
Is data available on the nature of the frictional forces 
Involved in the related field of rail track instability 
(j6), H ) » the corresponding data for submarine pipelines 
is very limited (S),(9),(10), (11), particularly with 
regard to the essentially hydrostatic environment 
appertaining to relatively deep-water pipelines.
It was therefore determined to undertake an 
experimental investigation into the nature of the 
frictional forces Involved. Accepting that displace­
ments of the pipeline can occur in arbitrary orientat­
ions due to the interaction of the axial and lateral 
displacement components denoted by u and v respectively, 
this feature being denoted by the angle 6 in Figure 1, 
then the experimental programme also sought to include 
this aspect of the problem. That is, values for f were 
to be determined for arbitrary force-dlsplacement 
orientations. Further, three frictional Interface 
configurations were to be considered as trenching will 
clearly nffect buckling rns|>on»e. The configurations 
chosen were that with the pipe simply resting on the 
supporting medium (R), a basic entrenched topology (E)
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and an entrenched arrangement Involving compaction of 
the aupportlng medium (T“) . Trenching constituted a 
quarter pipe diameter penetration of the supporting 
medium and compaction studies were primarily for 
qualitative purposes. Model or small scale tests were 
deemed to be the appropriate manner in which, at least 
Initially, to proceed. Quasi-static behaviour is 
stipulated throughout.
EXPERIMENTAL PROGRAMME
The objective was, therefore, to obtain the 
frictional force-dlsplacement loci for arbitrary, 
orientations of disturbing force subject to a variety 
of frictional interface configurations. Of particular 
interest were the corresponding valuem of friction 
coefficient together with the magnitudes of the dis­
placements at which these coefficients become effective. 
Sand was chosen as the supporting medium In view of 
North Sea conditions (12), and a sieve analysis enabled 
the requisite medium to fine sand to be identified; the 
sieve analysis results are given in Figure 3. Dry 
testing was employed for convenience, noting that a 
Coulomb medium was involved.
z
M r t lc l*  S l«* Imml
1 CUy | S ilt [ S*»d |
31*** A n t ly t l i
t o o  s u t i  P id «
m m m m r n
J
Forces
S c h tm tllc  iP la fil V ltw  of r ip *
n<un 4
PvlWyo .o . S t** i p iM
SW SVWVsSS
I* .*0*1
without any further Increase in the respective disturb­
ing force. Each test case was undertaken four tlsies, 
average results being finally recorded.
EXPERIMENTAL OBSERVATIONS AND RESULTS
The experimental topology is illustrated in 
Figures 4 and 5. A discrete element of pipeline was 
represented by a 1 m long steel tube of outer diameter 
46.3 Rn, wall thickness 3.2 mm and self-weight 34.92 
N/m. The pipe possessed a ISO ran overhang with respect 
to the sand flune employed in order to prevent the pipe 
from digging into the sand when undergoing axial move­
ment. Further equipment Included transducers for 
measuring the longitudinal and transverse displacement 
components of the pipe, weights, wires and pulleys.
The disturbing force was applied to the pipe in the 
horizontal plane at values of 6 ranging from zero 
through to »/2 in Increments of w/12. The three Inter-'" 
face configurations were thereby considered in each of 
these seven orientations. The disturbing force 
was applied in the form of two equal component forces 
acting at the ends of the pipe except in the axial 
case studies in which the disturbing force was applied 
only to the respective, end of the pipe. It was 
considered that a long pipeline on the sea bed would 
slide rather than roll along its longitudinal axis 
under lateral force. Hence the transducer readings 
were subject to the prevention of any significant 
rolling movement. The onset of full mobilisation for 
each of the twenty-one cases considered was taken as 
being the state at which displacement continued
The results are given in Figures 6 to 12 in the 
form of resistance force-dlsplacement loci. For the 
lateral (6 - 0) cases, a sand wedge was formed in front 
of the pipe as the force was applied, the wedge 
gradually growing in height. Full mobilisation was 
preceded by the pips rising over the respective wedge.
30
40
30
p. 4 6 1 )  N /r10
0
lo te ro l D isplacem ent (m m )
F ig u re d  Force -D isp la ce m e n t R e la tio n s h ip !-  0 * 0
5 1 0
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Both trenched casee Initially required the pipe to rlee 
out of the respective trench, and this effect Is 
clearly displayed In Figure 6 by virtue of the 
appropriately stlffer force-dlsplacement loci obtained. 
Further, the maximus resistance values obtained, also 
denoted In Figure 6, reflect the greater Inertia 
possessed by the trenched cases. With regard to both 
of these characteristics, and as Is to be anticipated 
given the respective degrees of sand compaction involv­
ed. the compacted case is to be particularly noted. 
Experimental data points, included In Figure 6 (R) for 
Information, are suppressed for clarity in the remain­
ing force-dlsplacement figures. Axial siovement was
negligible throughout.
M axim um  Heilctancec
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for etch of the remaining force orientation cases# 
illustrated in figures 7 to 12# maximum frictional 
resistance was again attributable to the depressed
511
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configuration. All but the axial case set generated a 
aand wedge, thla being, relatively, of decreasing 
magnitude as 6 was Increased. Por the resting config­
uration, full lateral sioblllsatlon signified maximum 
resistance for values of 6 < s/4, whilst full axial 
mobilisation signified maximvsn resistance for values of 
6 ► s/4. Simultaneous sioblllsatlon occurred for 
8 - s/4. The trenching effect caused simultaneous 
sxsbillsation to occur as precipitately as 8 « s/6, full 
axial siobillsatlon governing maximum resistance there­
after. Por each Interface configuration set, values of 
the maximum resistance force decreased as orientation 
was increased through to 6 ■ s/2, at which state 
lateral movement became negligible. In the cases 
governed by full axial mobilisation, the siaxlmum 
resistance state occurred more abruptly with signific­
antly less displacement.
Table 1 Friction Coefficients
o
c
0 » 0  lo r  lo ls ro l is iitte n c e  
0 * 8 0  lo r e x io l reriOonce
/ a )  lin s e r Inlsrpelafien
♦ FRICTION COEFFICIENT (4)
(DEGREES) R •R R
0 1 .21 1 .26 1 .32
15 1 .11 1 .17 1 .2 0
30 l . u l 1 .1 0 1 .1 3
45 0 .8 4 0 .9 1 0 .9 3
60 0 .7 2 0 .7 3 0 .7 5
75 0 .5 9 0 .6 2 0 .6 5
90 0 .5 3 0 .5 5 0 .5 9
Table 1 sunmarlzes the values of friction co­
efficient determined from the force-dlsplacement loci. 
The resting configuration, involving a relatively email 
Interface area, exhibits the lowest value of friction 
coefficient for each force orientation, whilst the 
coeipacted configuration, Involving a higher angle of 
Internal friction, exhibits the highest value of 
friction coefficient for each force orientation. The 
respective friction coefficients decrease as the 
disturbing force orientation 8 Increases. The relat­
ionships between force orientation, Interface con­
figuration and friction coefficient are displayed by 
swans of computer graphics In rlgure 13, together with 
the appropriate linear and cubic Interpolation curves. 
The equations of these least squares fit computer- 
generated formulae, written In terms of 8 and 4 the 
pertinent abscissa and ordinate parameters, take the 
formt
4 -  1 .2 2 0  -  8 .024 x 10“  3 8 (6)
8 » 1 .2 9 1  -  8 .571 x 10- 3  8 (7)
4 -  1 .3 3 2  -  8 .7 3 8  *  10-3  8 (6)
for the linear resting (R), entrenched (E) and 
compacted (p)' cases respectively withi
. 4 -  1 .2 0 8  -  4 .0 9 4  x 1 0 "38 -  1 .312  x i o - 4 e2
♦  1 .030  X 10_6e 3 (9)
4 -  1 .2 5 2  -  6 .1 0 5  x 10_4e -  2 .315  x lo “ 4e2
♦  1 .682  X io"6e3 110)
Xto*'
M
ct
G ■ 0  fmr
G *  9 0  lo r  a x lo l ro tlfta n c o
>) Cubic In lo r^o lo tiow
yigo ro  13 O roph t o f  M cH o n  C oo lllc low l o g o lm l »
4 - 1.311 - 2.428 x 10"38 - 2.062 x 10-482
♦ 1.061 X 10_683 (11)
for the cubic resting (R), entrenched (I) and compacted
(R) cases respectively.
The suixlmum variation between interface configura­
tion friction coefficient values for any of the orien­
tations considered is of the order of 10%. The dis­
placements corresponding to the attainment of fully 
mobilised resistance do not show great variation with 
Interface configuration. These values range from 
180.mm In the lateral orientation to 5 mm In the axial 
— "Srientation. It Is to be noted that the frictional 
resistance-displacement loci produced are of Inelastic 
form.
Clearly, the foregoing data relates to sx>del tests. 
In practice, submarine pipelines possess, typically, 
diameters in excess of 200 am. With regard to this 
matter, the values for 4^ (8 ■ 0) follow the trend set 
by Lyons (El) and Culhatl et al (9), indicating that 
values for 4l will decrease for larger diaswtsr pipes 
In accordance with the surface roughness effect. 
References also Indicate that the displacements appert­
aining to the onset of fully mobilised lateral frict­
ional resistance decrease with an increase in pipe 
diameter (j)), (9). In respect of these factors, 
suggested values for full scale pipelines are 1.0 for
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the lateral friction coefficient and 30 wo for the dis­
placement corresponding to full mobilisation. Validat­
ion of these values Is detailed In the ensuing design 
consideration, Anand end Agarwal 110) give almllar 
values for (9 • x/2) with respect to model tests. 
Corresponding large scale tests result In Increasing 
with pipe diameter although the displacement corresp­
onding to the onset of full mobilisation appears to be 
largely Independent of scale effects. (Results for 
clay media IB),(11) are not considered to be applicable 
to the present study.) In view of these observations, 
therefore. Indicated full scale veluea for the axial 
friction coefficient and the corresponding displacement 
for full mobilisation are 0.7 and 5 mn respectively— ■ 
further validation of these values will be given'in the 
design discussions.
With regard to orientations O«0* w/2, the Inter­
polation loci given in Figure 13 afford useful insight 
with respect to the corresponding full scale values.
The differing scaling factors Involved In the lateral 
and axial orientations would Indicate, for example, the 
necessity of a change In the gradient of the loci given 
In Tlgure 13(a). The effects of trenching have been 
denonstrated to lie primarily with the magnitude of the 
friction coefficient rather than with the corresponding 
fully mobilised displacements. Again, Figure 13 affords 
useful data from which full scale values could be 
deduced. Clven the nature of the computations exempli­
fied by Eq. (1) to Eq. (5), however, present concern 
lies with the rather more crucial lateral and axial 
cates, and the sieans by which the appropriate parametric 
values deduced In this experimental study can be 
Incorporated within the design process appertaining to 
the possible in-service buckling of submarine pipelines.
KSICN CONSIDERATIONS
The effects of the foregoing can be suitably 
demonstrated by considering the nature of the axial 
frictional resletance force generated through slip 
length Lg, this force Is common to both the vertical 
and lateral buckling modes. Recalling Figure 2 and Eq. 
(5), the Initial requirement is to produce a mathemati­
cal function for parameter f. Noting Figure 12 and the 
foregoing discussion with regard to scaling effects, 
then a suitable inelastic force locus is given by
A^
U*y
(12)
where y Is some parameter to be fixed for any given 
(empirical) values of the respective friction co­
efficient and the corresponding fully mobilised dis­
placement u.. Alternatively, y can be related through 
the mathematical modelling (8),(13) of basic parameters 
such as the angle of internal friction of the support­
ing medium. "
The suggested full scale values “ 0.7 and 
u* • 5 am are therefore to be Incorporated Into Eq.(12), 
with regard to f and u respectively, In order to 
evaluate y. Rowever, use of Eq. (12) demands an 
approximation of the form
0.695 (13)
■5m
be actually employed, involving a modest 0.7% error. In 
order that asymptotic behaviour be observed with f 
never exceeding *A. Employing Eq. (13) with Eq. (12) 
affords, upon manipulation
where u Is In m  units. Eq. (14) Is thereby plotted as 
a design curve In non-dimensional form In Figure 14, 
together with the experimental locus previously given 
In Figure 12 (R). The correlation Is clearly depicted, 
noting that the small scale values for 4^ and 
are 0.S3 and 20 mm respectively.
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Employing Eq. (5), the revised excelling then takes 
the form
w f 15 0.7q (1 - 1 )
0 ' 28u ♦ 1*
It is necessary to assume an axial displacement function 
for this non-linear force. Utilising a cubic function, 
then
u » aQ ♦ SjX ♦ *2x2 +
where ai, 0*1*3, represents some unspecified coefficie­
nt. Noting the topology of Figure 2, the boundary 
conditions take the form (1),(2),(7)
(transversality)dx
d2u.
Upon substitution, Eq. (16) thus becomes 
3u ■ y  
S3
Eq. (IS) can now be expressed In the form
r. - p„ - p -
(17)
(IB)
(continued over)
0.7qb 0.7qL_
0.7 (1 (14)
513
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-  1 -  0 .0 5 48 9  Tin /  l+ 9 .2 20 87 u g 2 /3 4 6 .0 7 31 8us 1 /3  \
US ' 1+9.22087us2/3+ 3.03659ug1/3
♦ 3.46410 [tan-1 (3.50635U-^-l"'’) - tan"1 (-3_,,j]]
S (19)
with Implied millimetre unit*. This compares with the 
established simplified modelling, as denoted by Eq. (4),
Po " P - 1 (20)
0 .7 q b s"N
Eq. (19) can now be Incorporated Into the'appropriate 
set of analytical expressions in which unknown dis­
placement U£ already exists by means of compatibility 
expressions. Further, this equation relates total 
frictional resistance (PQ - P) to overall movement of 
the slip length (us)i this Is graphically represented 
In Tigure 15. This Improvement In modelling Is 
Important In that the' employment of aub-fully mobil­
ised frictional resistance forces Is necessary If 
accurate post-buckling behaviour is to be determined 
for vanishingly small displacements (14), (15).
C w ita w t i n l i t e n c i  A im m ptioe  (A tym p to le )
O ve ra ll Ix f tn r tv n  -  End D lip lecem en tj U ,(m m ). (U^tSm m )
fig u re  13 A x lo l F e rca -D iip la rsm an t C h o roc le riilic t
Further, the established simplified modelling can be 
seen to overestimate the frictional resistance and 
thereby resistance to bucklingi this is a crucial 
design factor.
An equivalent procedure can be adopted for the 
lateral frictional behaviour. Noting Eq. (12), a 
suitable Inelastic resistance force locus is given by
f - (21)
Incorporation of the suggested full scale values 
♦l “ 1.0 and w^ • 30 n  with regard to f and w respect­
ively is achieved employing the approximation
f| -0.94 (22)
lw-30nm
In order to prevent f exceeding the appropriate fully 
mobilised value (4l). Employing Eq. (22) with Eq. (21) 
to evaluate y affords, upon manipulation
i -  1 -  1 (2 3 )
0.52w+l
where w is In m  units. Eq. (23) Is thereby plotted as 
a design curve In non-dlmenslonal form In Figure 16,
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Sm all Seals txpe rim enra l le c u tIX
W/W*
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together with the experimental locus previously given 
in Figure 6 (R), subject to the small scale values for 
♦ L and w^  of 1.21 and 160 sis respectively. Again, the 
quality of correlation is to be noted. Eq. (23) is now 
capable of absorption Into the corresponding analytical 
expressions U ),(2). Further, enhanced structural 
modelling could employ the remaining orientation and 
interface frictional characteristics deduced in this 
study though such modelling should, perhaps, also 
Include finite curvature and physical imperfection 
studies (_3),(4). Preliminary buckling design computa­
tions have been undertaken employing the foregoing 
findings. Figure 17 typifies the results obtained to- 
date with regard to the axial slip length ratios 
appertaining to the revised and established fully 
mobilised friction models. The latter is shown to 
underestimate the length of slip by up to 30%.
10
Figure 17 Amlel D eform ation  Chq r o r l t r  l i t ic r  —
P re lim in a ry  Finding*
Finally, notwithstanding the benefits of general­
isation afforded by mathematical modelling, already 
exemplified in related areas of study (8),(13), some 
thought should perhaps now be given to the undertaking 
of appropriate large scale tests.
514
- A14-
CONCLUSIONS
In all, soma eighty-four individual tests have been 
undertaken and the appropriate resistance force- 
dliplacement loci produced. In particular, Information 
on friction coefficients has been determined for a 
variety of force-dlsplacement orientations and inter­
face configurations! appropriate interpolation formulae 
have been produced. Full scale values for the primary 
friction coefficients, that Is for the axial and 
lateral cases, have been deduced upon the basis of the 
oodel tests. The dlsplecements et which these 
frictional resistance forces become fully mobilised 
have been similarly Identified. A semi-empirical 
formula has thereby been produced for use Indentin’* 
practice and suggestions stade regarding possible 
further studies. It should perhaps be noted that 
extrapolation of the geotechnical findings contained 
herein for use with dynamic systems would a priori 
require careful consideration to be made of the manner 
In which the respective interface movements occur.
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ABSTRACT
In-service buckling o f submarine pipelines can occur due to the institution 
o f axial compressive forces caused by the constrained expansions set up 
by thermal and internal pressure actions. An integral part o f this area o f  
study involves the resistance to movement provided by the supporting 
medium. Previous attempts at modelling the appropriate behaviour have 
employed fully mobilised friction forces. Herein presented is a set o f  
analyses which incorporate consistent deformation-dependent resistance 
forces. This feature enables a more rational interpretation o f submarine 
pipeline buckling behaviour to be established.
NOTATION
A Cross-sectional area.
Qi Unprescribed coefficient.
C, Axial compression of pipe element.
E Young’s modulus.
F Shear force.
/A Axial friction parameter.
/L Lateral friction parameter.
I Second moment of area of cross-section.
k Constant of integration.
k i-&6 Constants in Table 1.
L,L\ Buckle lengths.
J. Construct. Steel Research 0143-974X/K6/$()3 • 5() (f) Elsevier Applied Science Publishers 
L td , England, 1986. Printed in G reat Britain
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u Slip length.
M Bending moment.
P Buckling force.
Po Prebuckling axial force.
Ps Post-buckling axial force at state S.
<7 Submerged weight of pipeline per unit length.T Temperature rise.
Tc Critical temperature rise.
T mm Minimum safe temperature rise.
U Axial deformation of the pipe.
w* Resultant longitudinal movement at buckle/slip length interface
u6 Fully mobilised axial displacement.
w Lateral deformation of the pipe.
W m Maximum amplitude of the buckled pipe.
W  mm Buckle amplitude at Tmm.
Post-buckling amplitude at state 5.
W * Fully mobilised lateral displacement.
X Spatial co-ordinate.
a Coefficient of linear thermal expansion.
<f> A Axial friction coefficient.
4> L Lateral friction coefficient.
1 INTRODUCTION
The circumstances concerning the means by which the in-service buckling 
of submarine pipelines can occur have been discussed at length else- 
where.1-* Analyses have been primarily oriented about thermal action 
with oil and gas temperatures potentially ranging up to 100°C above that 
of the water environment. That is, a uniform temperature increase, 7\ in 
a perfectly straight submarine pipeline will create an axial compression 
force due to constrained thermal expansion. Within the elastic range of 
the pipeline response, this force can be represented by
Po = AEaT (1)
where AE is the axial rigidity of the pipe and a is the respective coefficient 
of linear thermal expansion. Should buckling occur, part of the con­
strained thermal expansion is released in a buckled region which, taken
-  A17-
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together with the friction resistance of the sea-bed/pipeline interface, 
results in a reduction in the axial compression to some buckling force P.
Studies to date have employed the simplifying non-conservative 
assumption that the friction forces are fully mobilised throughout. 
Further, this precludes the ability to define a critical temperature rise at 
which idealised axial-flexural bifurcation occurs. In the following 
analyses a rational modelling of the deformation-dependent friction
•— * --- -----
to) Mode 1
L u
s Tw u
Ls L L
(b) Mode 2
• iw ^ v
l 5 *  Li L I Li ”  Ls
(c) Mode 3
/  Tw
L S L1
(d) Mode t
(e) Mode oo
Fig. I. Lateral buckling mode topologies.
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forces is undertaken employing recently established axial and lateral 
friction response loci.4 As a result, a more logical interpretation of the 
submarine pipeline buckling problem is made available. In addition, this 
will assist in the development of non-linear analyses involving physical 
imperfections.
The five established lateral buckling modes which relate to snaking 
movements across the sea bed are illustrated in Fig. I.1-3 Attention is 
restricted to these lateral modes given the less critical nature of vertical 
buckling except in cases where trenching is involved.u Axial and lateral 
deformations are denoted by u and w respectively. The appropriate 
buckling lengths are denoted by L and L\ whilst Ls represents the slip 
length. Axial friction resistance is generated through the slip length whilst 
lateral friction resistance occurs through the buckling lengths. To date, 
these friction forces have been assumed to be fully mobilised throughout 
their respective regions.1-3 Material behaviour is taken to be elastic; gross 
sectional distortion as associated with laying operations5 is not a factor 
here.
Recent geotechnical experimentation4 with respect to North Sea 
conditions6 has provided information relating to the nature of the 
deformation-dependent friction force behaviour with regard to typical 
submarine pipeline parameters. Based upon these findings, refined 
friction force characteristics are depicted in Figs 2 and 3 for axial (w) and 
lateral (w) pipeline movements respectively. The appropriate fully 
mobilised axial and lateral friction coefficients are given by $A and <£L- 
The movements corresponding to the attainment of full mobilisation are 
denoted by w* and w*. The friction force parameters/A and/L, discussed in 
detail in the ensuing analyses, serve to complete the requisite loci 
definitions. Suggested values for the parameters $A, u<f>L and w* for 
submarine pipelines take the form4,7-9
2 GEOTECHNICAL FACTORS
= 0-7 ^
m* = 5 mm 
<f> l =  1*0 
tv* = 30 mm
(2)
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Fully Mobilised Locus
Small Scale Experimental Lotus
'A
°A
0.6 - Full Scale Design Curve 
i /- i *25u/u,* k/ A = *
q s Submerged self-weight 
per unit length of pipe
Convention
0.2-
0.6 0.7 0.8 0.902 0.3 u/u0
F ig . 2. Generalised axial friction characteristics.
Fully Mobilised Locus
1.0 - -
0.6 -
K
Small Scale Experimental Locus
0 6 -
Fult Scale Design Curve 
i i -6w /w -fLA =1-e *
q = Submerged self - weight 
per unit length of pipe
Convent i or.
0-2 -
0-2 0-3 0-A OS 0-6 0-7 0-6 0-9 1-00-1
w/wp
F ig . 3 . Generalised lateral friction characteristics.
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and the design curves given in Figs 2 and 3 thereby employ 
/A/*A = 1-e ^  (3)
and
= 1-c ^  (4)
noting the appropriate conventions given in the figures. These expres­
sions give good agreement with the designated non-dimensionalised 
experimental curves and, in addition, accord with the appropriate fully 
mobilised asymptotes with / A/ d > A = 1 at w/m* = 1 and wtw6 = 1 
respectively. It is to be noted that eqns (3) and (4) offer superior 
modelling characteristics to their precursors given elsewhere.4
3 ESSENTIAL STRUCTURAL RELATIONSHIPS
Prior to the incorporation of eqns (3) and (4) within the proposed 
analyses, it is useful to list all the essential structural relationships, based 
on fully mobilised friction resistance assumptions, obtained from 
previous submarine pipeline1'3 and related rail track10 studies. Noting the 
constants given in Table 1, the buckling force set up in the L, L, regions is 
given by
„ , El
' U  (5)
TABLE 1
Constants for Lateral Buckling Modes
Mode k, k2 k3 k4 ks *6
(eqn (5)) (eqn (6)) (eqn (7)) (eqn (7)) (eqn (8)) (eqn (8))
1 20-19 3-851 2x 10'2 1-0 1-022 5 x 10'3 1-0 2-045 x 10"3
2 47T‘ 5-532 x 10'3 1-0 8-715 x 10"5 1-0 1-743 x 10'4
3 8-515 0-165 12 2-588 1-787 8 x 10"2 2-588 5-339 7 x 10-3
4 28-20 1-048 xlO"3 1-608 2-771 6x 10"4 1-608 2-143 x 10'4
DC ■>77* 7-119 2 x 10 2 NA NA see eqn (9)
N A  =  not applicable
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where El is the flexural rigidity of the pipe. The maximum amplitude of 
the buckle takes the form
W'n, =  kn- ^ 4 r ~tl
where q is the submerged self-weight of the pipe per unit length. The 
resultant longitudinal movement at each buckle/slip length interface is 
given by
, ( P u - P ) L  , ( \2f 7
 *‘(-e T ) /- (?)
whilst the relationship between the pre-buckling force P0, given by eqn 
(1), and the buckling force P for modes 1 to 4 is derived to be
For mode *, eqn (8) is replaced by
fP„ = P + 30112xl0-J/l£f-^i^ L" (9)El )
As a corollary, it is instructive to assess the degree of full mobilisation 
actually involved in the above submarine pipeline studies.'"3 Noting the 
values for <f>A, <f>L, u6 and w* given in eqn (2), then Table 2 affords the
TABLE 2
Percentage of Region Subjected to Fully Mobilised Resistance Employing the Fully 
Mobilised Friction Force Criterion
Mode % of buckle length L wherein 
w > w* (wj, — 30 mm)
% of slip length L, wherein 
u — u<t, (u<t, = 5 mm)
1 85-5 76-6
2 880 75-7
3 98-5 74-1
4 980 73-7
OC 95-8 NA
NA = not applicable
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appropriate information with regard to the state corresponding to the 
respective minimum safe temperature rise.1,3The most obvious deduction 
is that, employing the fully mobilised criterion, the axial friction 
modelling is relatively cruder than the lateral friction modelling 
throughout. Initially, therefore, it is proposed to re-define the axial 
friction force resistance employing the locus given in Fig. 2 as designated 
by eqn (3).
4 M O D E  1 ANALYSIS: Non-Linear Axial Resistance in 
Conjunction with Fully Mobilised Lateral Resistance
The essential features of mode 1, with regard to established studies,1'3 are 
shown in Figs 4(a) and (b). The former figure details the topology whilst 
the latter depicts the axial force distribution within the pipe. Figures 4(c) 
and (d) depict the corresponding revised topology and axial force 
distribution.
Noting the non-linear axial force distributions in the slip length regions, 
the nature of/A is detailed in Fig. 5(a) which illustrates a typical element 
of pipe within the slip length region ( j c > L ) .  Axial compression is 
denoted by Ct. Considering the longitudinal equilibrium of the elemental 
pipe 8x, then
Incorporating the appropriate thermal effect detailed in Fig. 5(b), 
compatibility gives
8CX = fAq8x (10)
so that
(11)
(12)
Differentiating with respect to x gives
(13)
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0Lq
( q ) Fully Mobilised Topology
(b )  Axial Force Distribution
K  - -
8^q( 1 -e 0)
Ls—  cd L L
(c ) Non-bnear Axial Resistance Topology
i*::
(d ) Axial Force Distribution 
Fig. 4. Fully mobilised and revised buckling topologies.
Substituting eqn (13) into eqn (11) yields the field equation within the slip 
length region
d 2uAE-^p =  - / A <7 L < x < j L  +  L *  (1 4 )
The associated slip length boundary conditions take the form 
lim [«,dw/dLr] =  0 (15)
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(b) Com patibility  
Fig. 5. Slip length detail.
and
du I 
d* I l
(Po-P)AE (16)
Equation (15) can be considered to be a regularity condition which assists 
in precluding the prejudicial requirement of assuming some function 
u = f(x).
Combining eqns (3) and (14) affords the non-linear slip length field 
equation
(17)
noting that the change of sign of the exponent is due to u and /A being 
co-oriented within the slip length region— note that Fig. 5 employs a 
different convention from Fig. 2. Employing the identity
2 6 2u
dbr *<[*]') (18)
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then eqn (17) becomes
(19)
where k is a constant of integration.
Substituting eqn (15) into eqn (19) for the evaluation of k gives
Equating this expression with the boundary condition given in eqn (16), 
and noting u | L = yields
Accepting that eqn (7) remains valid in view of the fact that the lateral 
friction force is fully mobilised, then, noting the values given in Table 1,
Solutions for (P0 - P) and ut are thereby obtained in terms of discrete 
values of L employing a computerised non-linear iterative algorithm 
involving eqns (21) and (22). Again noting that eqns (5) and (6) together 
with the respective values given in Table 1 remain valid, then locus 1, 
depicted in Fig. 6, is produced by substituting the results for (P0 - P) into 
eqns (1), (5) and (6). For this action-response locus, the external pipe 
diameter was taken to be 650 mm, the wall thickness 15 mm, the sub­
merged self-weight 3-8 kN m"‘, the Young’s modulus 206 kN mm": and 
the coefficient of linear thermal expansion 11 x 10_6oC~l;‘ the data given 
in eqn (2) complete the requisite numerical definition. The dashed 
portions of the locus denote computations involving buckling slopes in 
excess of 0-1 radians. Prior to discussing the implications of this analysis, 
it is proposed to briefly consider the equivalent analyses of the remaining 
lateral modes.
(20)
e2W“*_l (21)
(22)
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Fig. 6. Comparison of lateral buckling modes.
5 MODES 2, 3 AND 4: Non-Linear Axial Resistance in 
Conjunction with Fully Mobilised Lateral Resistance
Equations (10) through (21) remain valid for these three modes. 
Equation (7) is again employed in conjunction with Table 1 to generate 
an equivalent expression to that of eqn (22). The analysis of mode °c, 
in which there is no generation of axial friction force, remains as 
previously.1,3 The appropriate behavioural loci are depicted in Fig. 6.
6 FURTHER CONSIDERATIONS
The action-response loci for modes 1, 2, 3 and 4 in Fig. 6 differ only 
slightly from their fully mobilised equivalents— mode ^ remains
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unchanged. For example, with regard to mode 1, the minimum safe 
temperature rise (Tmn) is reduced by only (M)3°C employing variable axial 
resistance. This should not detract from the study, however, in as much as 
the effect of employing the simplifying fully mobilised assumption has 
been shown to be reasonable from the findings of a rational model. 
Further, the ordering of the modes in terms of their respective minimum 
safe temperature rises is also shown to remain unchanged.3
It should be noted that the solutions for the respective w = f{x) remain 
as previously.1-3 As illustrated in Fig. 6, the behavioural loci approach the 
thermal axis asymptotically; this is a consequence of assuming the lateral 
friction resistance to be fully mobilised even for vanishingly small dis­
placements.1 In order to define a critical temperature rise, therefore, it is 
necessary to model the lateral friction force in a rational manner. Further, 
this will serve to provide a fully rational modelling of the buckling 
problem.
7 M O D E  1: Non-Linear Axial and Lateral Friction Resistances
In order to establish a critical temperature rise, Tc, it is necessary to 
incorporate the lateral friction-response locus given in Fig. 3 and 
designated by eqn (4). The appropriate topology and axial force distri­
butions are depicted in Figs 4(c) and (d) except that the lateral resistance, 
<f>Lq, is now replaced by <t>Lq(l - e~6w,w*).
The flexural parameters are in accordance with the detail illustrated in 
Fig. 7. Bending moment and shear force are denoted by M  and F 
respectively. Applying transverse and rotational equilibrium, noting the 
self-compensating flexural end-shortening effect, affords
Further, incorporating the appropriate moment-curvature expression,12
(23)
and
(24)
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M * bM
M+6M
F+6F
8 x
F«g.7. Flexural topology.
differentiation of eqn (24) and combining with eqn (23) yields the 
linearised field equation
d4w d2w
E/l F  + P d F =_/l'<?
Noting eqn (4), eqn (25) can be rewritten
dx dx
(25)
(26)
The complexity of this field equation prevents a closed form solution 
being obtained. A boundary collocation procedure is therefore instituted 
employing the assumed series
W’ 'A4 / x \ 2‘L aiT) (27)
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where a, denotes a typical unprescribed coefficient. The symmetry of the 
buckling mode is incorporated directly in eqn (27). Accepting that 
relationships are sought between P, L and wm as indicated by eqns (5) and 
(6) with regard to the previous study, then a seven point collocation 
procedure is required. Employing the following five conditions and 
identities
w
dw
dx
=  0
=  0
1 = 0 (transversality10)dx |L
w
(2 8 )
j
the respective coefficients of a, can be defined, such that
(29)
Further, equilibrium demands that the shear force at the ends of the 
buckle length takes the form
Cu | | =  f  l(l -e_<“"*)drJ I) (3 0 )
which gives
7<t>\qLw m = ----- —192F/J J„ b)dr (31)
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and that the centra! bending moment affords
<f>i qL f (1 - e dv - 4>\ q |* (1 - e" tm'lH'*)xdx - Pwm
(32)
resulting in, noting eqn (31),
192E/ 5
4 r lL I (1 -e ^ ) d r
(33)
Slip length considerations are incorporated as previously employing eqn 
(21). The matching compatibility condition at the ends of the buckle 
length takes the form1”
This represents the rational equivalent of the fully mobilised expression 
given in eqn (22). The solution is as previously; eqns (21) and (35) are 
solved iteratively, the integral steps being carried out numerically for any 
specified value for wm (mm).
Figure 8 depicts the resulting action-response locus together with the 
formerly defined locus given in Fig. 6. Scaling factors preclude inclusion 
of those parts of the locus in the vicinity of the minimum safe temperature 
rise (wm = 2-4 m as per Fig. 6). The revised curve becomes effectively, or 
graphically, indistinguishable from the former locus well before the 
minimum safe temperature rise state (Tmm). At this state, the rational 
value is \ %  lower than that for the previous analysis (63*6°C). However, 
whilst the fully mobilised assumptions again appear to be validated, the 
critical temperature rise has been established; this enables, in formal 
terms, superior definition of the post-buckling state.
which yields, noting eqns (29) and (31),
u> = p )L -9-102x 10~4L 5 AE
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1000-
N on-Linear Axial and Fully 
Mobilised Latera l ResistancesX  600-
Axial and Lateral 
Resistance Curves
200-
Buckle Amplitude (mm)
R g.8 . Rational modelling for mode 1.
8 COMMENTS AND CONCLUSIONS
The rational modelling has achieved two objectives. First, it supports the 
validity of the simplified fully mobilised studies. Second, a critical 
temperature rise has .been established which is important,In formal or 
idealised terms, in that post-buckling characteristics can be assessed.
Figure 9 depicts the post-buckling mechanism. That is, an idealised 
pipeline will not buckle until the critical temperature rise, Tcas denoted in 
Fig. 9(a), is reached. The pipe then snap buckles to point S. The static 
topologies defined in Figs 1 and 4 only relate to this and ensuing states. 
Figure 9(b) depicts the corresponding buckling force characteristics. At 
the critical state denoted by Pc, the force in the pipeline is given by 
Pc = Po. After snap, the force in the buckle reduces to the unique static 
value P = P„ P% and location S being prescribed by the statically unique 
buckling amplitude wm = wm. The chain-dotted locus defines a path 
which the idealised system cannot, in principle, follow due to snap at 
temperature rise Tc. This locus is, however, important in that it forms an 
upper bound to corresponding imperfection studies, particularly the 
theoretically stable portion between Tmm and state S. States S and P, have
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Bu'kic- Amplitude- wr 
(a ) Therm al Characteristics
Buckle Amplitude wm
(b) Buckling Force Characteristics  
Rg.9. Post-buckling mechanism.
not previously been reported. The values for Pf, Psand wmx for mode 1 are 
52-48 MN, 386 kN and 124-5 m respectively. (Tmm = 63-l°C, wmm = 
2-4 m.)
In view of the importance of imperfections in realistic pipeline buckling 
performance, note below, and the general agreement of the rational loci 
with their fully mobilised equivalents, fully rational modelling of the 
remaining lateral modes has been left to further study. Further, such
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study would benefit from the incorporation of geometric non-linearity as 
the point prescribed by wms involves relatively large slopes. That is, the 
general post critical state agreement between the two mode 1 loci 
depicted in Fig. 8 shows that the fully rational modelling will also incur the 
onset of slopes in excess of ()• 1 radians shortly after theoretical attainment 
of the minimum safe temperature rise state Tmtn (wmm s 2*4 m)— note Figs 
6 and 9. The locus is therefore conservative in this larger deformation 
range.1 It should be noted that the value of Tc for any given analysis is 
sensitive to the lateral frictional curve employed; note the role of in 
eqn (4). Such curves can be classified in terms of their respective fully 
mobilised displacements, w*. As w* increases, the critical temperature 
rise, Tc, will fall. Indeed, w* can be such that Tc< T min, affording a 
completely stable post-buckling path with no Tmm turning point.
A number of further observations can be briefly noted. First, given the 
validity of the fully mobilised analyses in predicting generalised 
behaviour, the finite length of slip, can be determined, if required, 
from Lt = (P0 - P%)l(})Aq for the post-buckling static state denoted by S. 
Associated studies4 suggest that fully mobilised analyses underestimate 
the slip length at lower values of (i.e. wm< wmm). Should the total 
length of pipe be less than the overall affected length, that is 2 (L + Ls) 
with regard to the rational mode 1 modelling, the required temperature 
rise for state S will increase." Further, post-buckling characteristics can 
be influenced by modal interaction. This is perhaps most important in 
cases where trenching is involved in which vertical buckling1,3 might occur 
initially. Fully rational vertical buckling studies are in preparation.
Finally, the influence of imperfections must be noted. Diagrammatic 
representations given elsewhere1 indicate the importance of the minimum 
safe temperature rise state. However, they also substantiate the import­
ance of the wmi state, to which all such imperfection loci should converge. 
Typical qualitative imperfection loci are illustrated in Fig. 9(a), one locus 
displaying snap buckling (type 1), the other affording a stable post- 
buckling path (type 2). Of particular interest with respect to such loci is 
the fact that recovery upon subsequent cooling would not be total, due to 
the non-conservative nature of the frictional forces involved. This leads to 
the realisation that, upon recovery, any initial imperfection would be 
increased with a consequent change in post-buckling characteristics 
should thermal buckling recur. For example, an imperfection locus type 1 
could degenerate into a locus type 2. Imperfection studies are 
proceeding.
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Ap
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I (
A)
0 = 0 °  (R)
LOAD(N/m) LATERAL DISPLACEMENT (mm)
A 13 C D AVE.
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5.89 1.74 2.24 2.46 2.58 1.85 2.05 2.73 2.66 2.29
10.79 5.22 4.60 6.34 5.78 6.25 6.46 6.12 5.62 5.80
15.70 8.56 8.56 10.68 10.37 10.02 9.02 12.01 10.54 9.97
20.60 16.55 12.45 *15.90 17.62 17.89 14.36 17.95 16.26 16.12
25.51 24.12 17.27 27.78 32.67 30.33 26.37 34.84 32.37 28.22
29.43 32.22 26.70 36.89 43.79 34.21 37.27 47.62 51.92 38.83
31.39 35.46 35.62 49.67 51.69 44.51 48.98 61.44 64.26 48.95
33.35 43.56 39.51 61.99 62.45 53.78 53.12 61.44 64.28 55.02
35.32 58.70 54,01 68.61 73.06 63.05 69.25 72.87 75.80 66.92
37.28 58.71 54.03 68.67 73.07 81.50 81.07 95.89 137.30 81.28
39.24 70.53 95.01 86.44 107.12 81.50 81.07 95.89 137.30 94.36
41.20 70.53 95.01 86.44 107.12 00 00 oo
43.16 - 00 00 00
Appendix 11(B)
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0 = 0 °  (E)
LOAD(N/m) LATERAL DISPLACEMENT (mm)
A B c D AVE.
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10.79 0.13 0.11 0.10 0.04 0.08 0.06 0.04 0.03 0.07
15.70 0.28 0.24 0.20 0.15 0.20 0.19 0.10 0.13 0.19
20.60 1.41 1.84 . 1.85 1.07 1.17 1.26 1.32 1.41 1.42
25.51 6.24 8.02 6.76 6.11 5.96 6.32 5.96 6.41 6.47
30.41 15.56 19.33 18.02 16.23 15.33 16.79 15.55 19.14 16.99
34.34 39.98 34.63 36.31 31.88 29.14 30.44 26.11 34.23 32.84
36.30 56.14 54.12 51.39 38.10 39.76 46.10 32.34 41.99 44.99
40.22 90.04 82.37 69.34 69.52 62.11 79.10 79.10 84.32 76.99
42.18 132.61 116.24 119.34 121.51 88.27 93.24 79.10 84.32 103.43
43.16 132.61 116.24 140.51 159.67 131.36 147.21 - co
44.15 CD oo CO 131.36 147.21
45.13 CO <o
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e = o° (P)
LOAD ( N/nO LATERAL DISPLACEMENT (mm)
A B C D AVE.
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5.89 0.01 0.01 0.00 0.01 0.02 0.01 0.00 0.00 0.01
10.79 0.01 0.03 0.04 0.03 0.09 0.03 0.04 0.04 0.04
15.70 0.04 0.09 0.12 0.08 0.19 0.08 0.14 0.11 0.11
20.60 0.07 0.26 0.23 0.19 0.34 0.17 0.20 0.29 0.22
25.51 1.82 0.99 0.42 0.48 0.60 0.38 3.20 11.87 2.47
30.41 7.66 2.54 0.99 1.23 9.29 11.46 3.20 11.87 6.03
34.34 15.11 6.74 19.80 20.21 9.29 11.46 13.80 26.14 15.32
36.30 20.34 12.67 19.80 20.21 23.75 34.08 40.49 41.59 26.62
38.26 34.61 22.78 40.51 43.66 44.52 51.75 40.49 41.59 39.99
40.22 34.61 22.78 70.51 73.67 44.52 51.75 61.27 64.59 52.96
42.18 66.77 54.32 70.51 73.67 72.52 73.76 95.27 99.80 75.80
44.15 112.56 89.76 99.81 103.44 140.56 142.34 95.27 99.80 110.47
45.13 156.21 132.11 99.81 103.44 OD 00 00
46.11 156.21 132.11 130.51 103.66
47.09 00 00 00 .
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e «* 90° (R)
LOAD(N/m) LONGITUDINAL DISPLACEMENT (mm)A B c D AVE.
0.00 0.00 0.00 0.00 0.00 0.00
5.65 0.05 0.02 0.04 0.04 0.04
10.36 0.34 0.23 0.27 0.31 0.28
15.07 1.11 0.91 0.98 1.02 1.01
16.01 - - 1.61 1.84 1.73
16.95 2.09 2.09 2.67 2.55 2.35
17.89 8.40 15.53 11.29 8.62 10.96
1ft .fiA 00 952__ CO __ 32_. ooe = 90° (E)
LOAD(N/m) LONGITUDINAL DISPLACEMENT (mm)A B C D AVE.
0.00 0.00 0.00 0.00 0.00 0.00
5.65 0.02 0.01 0.01 0.02 0.02
10.36 0.15 0.12 0.10 0.14 0.13
15.07 0.54 0.49 0.38 0.50 0.48
16.01 - - 0.59 - 0.59
16.95 1.01 0.99 0.86 1.05 0.98
17.89 3.51 4.03 1.73 5.48 3.69
18.64 00 30.89 6.58 13.58
19.13 OO 6.58 a.
19.62 00
e « 90° (P)
LOAD(N/m) LONGITUDINAL DISPLACEMENT (mm)A B c D AVE.
0.00 0.00 0.00 0.00 0.00 0.00
5.65 0.00 0.00 0.01 0.00 0.00
10.36 0.01 0.01 0.02 0.01 0.01
15.06 0.07 0.06 0.08 0.08 0.07
16.95 0.13 0.14 0.18 0.16 0.15
18.84 0.26 0.30 0.36 0.37 0.32
19.78 0.46 0.52 - - 0.49
20.60 OO OO OO 00
-  A 5 6 -
TEST 1 TEST 2 TEST 3
Deviator
Stress Strain
Deviator
Stress Strain DeviatorStress Strain
(kN/m2) (kN/m2) (kN/m2)
0 0 0 0 0
193 0.0024 135 0.0023 55 0.0024
230 0.0072 164 0.0046 62 0.0049
283 0.0121 182 0.0068 69 0.0073
310 0.0169 193 0.0091 75 0.0097
325 0.0217 203 0.0114 78 0.0146
334 0.0266 212 0.0160 79 0.0194
339 0.0314 221 0.0205 80 0 .0243
335 0.0362 208 0.0251 83 0.0291
346 0.0411 209 0.0297 82 0.0340
332 0.0459 213 0.0365 77 0.0413
335 0.0507 222 0.0434 76 0.0461
333 0.0556 214 0.0502 75 0.0510
DRAINED TRIAXIAL TESTS
Appendix II (C)
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A P P E N D I X  I I I  
P R O G R A M M E  ! _ •  1 S T  I  N G S
III(A) Quasi-Idealised / Fully Mobilised Analyses for 
All Lateral Modes - Computer Graphics
III(B) Quasi-Idealised Critical State Analysis 
- Lateral Mode 1
III(C) Imperfection Analysis - Lateral Mode 1
- A 5 8 -
n n 
n n 
n n 
n
Ccc
C
Ccc
cc
10
APPENDIX 111(A)
QUASI-IDEALISED / FULLY MOBILISED ANALYSES FUR 
ALL LATERAL MODES - COMPUTER GRAPHICS
DIMENSION L (AO) ,P (AO) ,T (AO) , Y (AO) 
DIMENSION KA (10) ,KE (10) , KC (10) , KD(10) 
REAL 1,'L,KL,KA,KB,KC,KD 
CALL NULIN (9)
CALL TR010 
A=0.029S 2 
1=0.001509 
E=2.06ES 
K=3.6 
C= 11. OE-6 
F = 0.5
CALL CHAMOD 
READ (9,10)
FORMAT (AA)
CALL PiCCLE
SETTING UP AXES AND SCALES
CALL AXIPGS (1,20.,20.,150.,1)
CALL AXIPOS (1,20.,20.,105.,2)
CALL AXISCA (1,16,0.,A.2,1)
CALL AXISCA (1, 12,30.,15C.,2)
CALL AXIDEA (2,1,1)
CALL AX1DRA (-2,-1,2)
CALL MOVT02 (80.,5.)
CALL.CHAHOL (22HBUCKLE AMPLITUDE (M) *./)CALL M0VT02 (5.,140.)
CALL CHAHOL (69HFIGURE 1.4 COMPARISON OF THE 
£■LATERAL DUCKLING MODES (AFC=LFC=0.5)*.)CALL M0VT02 (5.,135.)
CALL CHAHOL (6 9H=============================
CALL MOV102 (5.,50.)
CALL CIIAANG (90.)
CALL CHAHOL (22 H1 EM PE R A T U R E RISE (€)*.)
CALCULATING AND DRAWING CURVES 
FOR VARIOUS LATERAL MODES
KA (1)=80.76 
KB (1) = 6.391£—5 KC (1) = Q. 5 
KD (1)=2.407E-3 
KA (2)=39.47842 
KD(2)=1.743E—4 
KC (2) = 1.0
-  A 5 9 -
KD (2)-=5. 5322-3 KA (3) = 34.06 
KB (3) = 1-668E-4 
KC (3) = 1, 29 4 
KD (3) = 1„ 032E-2 
KA (4) =28-20 
KB (4) =.2« 144E-4 
KC(4) = 1„ 608 
KD (4) -='1. 047E-2 
DO 80 K = 1 r 5 
II (K.KF.5) GO10 75 BO 60 J= 1,40 
Y (J) =0. 1*J
L (3) = ( (Y (J) * E*I) / (4. 4495E-3*F*i\) ) **0,2 5 
P (J) =3 9, 47842*E*1/L (J) **2+4, 705L-5*A*t* { (F*K)/ 6 (L*l) ) **2*L (J) **6
I (3) =P (J)/(E*A*C)
II (1{J),GT. l(1j) GOTO 77 
60 CONTINUEGOTO 77
75 DO 76 3=1,40
y (j) =o, 1 *j
L (J) = ( (Y (J) *E*I) / (KD (N) *F*K) ) **0.25 
P (J) =KA (N) *E*I/L (3) **2 + KC (N) *F*K*L (J) *{(1.0 + 
AKB (11) *A*E*F* W*L (J) **5/ (E*l) **2) **0. 5-1., 0)I (3)=P (J) / (E*A*C)
IF (1 (J) ,GT. T (1) ) GCfIG 77
76 CONTINUE77 K=3 
TK=T (K)
YK=Y (K)
11=1  ( 1) + 1-0Y1=Y(1)-0.04 
CALL GKACUK (Y,T,K)
IF (N.LQ.5) GOIC 73 
IF (N, IQ. 1) GOTO 78 
IF (N.EQ.3) GOTO 78 
IF (K.EQ.2) GOTO 74 
YK=YK+ 0, 02 
TK=ILK-2,0
IF (N,EQ.4) GOTO 73
7 4 YK=YK+ 0.02
TK=TK+ 1,0 73 CALL G P. A MOV (YK,TK)
CALL CHAANG (0.)
CALL. CHAIN! (N, 1)
IF (N.NE.5) GOTO 8078 CALL GliAMOV (71,11)
CALL CHAANG (0.)
CALL CHAIN! (N,1)
IF (N,NE,5) GOTO 80 YK=YK+0.12
CALL GKAMOV (YK,TK)
CALL CHAHOL (17H (INFINITY KOBE)*-.)
8 0 CONTINUE
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CALL CHAMUD 
LEAD (5,10) 
CALI P1CCLE 
CALL DLVLHD STOP 
EN L
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cc ===============
c APPENDIX 111(D)C ===============
c
C QUASI—IDEALISED CRITICAL STATE ANALYSIS
C LATERAL MODE 1C 
C
DIMENSION X (1000) , WA (1000) ,K (1000)
REAL 1,J,1 
999 CONTINUE
WRITE (6,1)
1 FORMAT {//,2X, UNPUT UMAX (MM), OTHERWISE -1.0
A TG STOP1)
HEAD (5, *} WC
IF (WC.1I,0.0) GOTO 3003
.KK = 9 99
CL=0.2
CA=5.0
E=2„0601£5
1=1-50SE9A=2.992E4
FA=2- 66
FL=3.U
AL— 1«, 1E-5
31=0.0
DO 1000 0J=1,2 
K=KK
C
C SIMPSON'S HULL
C
DC 100 N=1,K 
S=1.0*N 
ST=1.,0*K-1. 0 
X (N) = (S— 1.0) /ST
Vi (N) = (KC/7.0) * (7. 0—24. 0*X (N) **2 + 30. 0*X (N) **4- 
A16.0*X (N) **6 + 3. 0*X (N) **0)CC=-CL*Vi(N)
IT (JJ.EQ.2) GOTO 50 
WA (N) = ( 1.0-EXP (CC) ) *X (N)GOTO 60 
50 CONTINUE
WA (N) = 1- 0-EXP (CC)
SO CONTINUE
100 CONTINUEN A1 = WA (1) + WA (K)
K = K- 1 
KA2=0.0
DO 200 N =2,K,2 
W A 2= W A 2 + Vi A (N )
200 CONTINUE 
WA3=0.0 
K=K— 1
DO 300 N=3#K,2
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Vi a 3 — Vi A 3 + V. A (i »)300 CONTINUE 
K=K+1
T A= 1 * 0/ {3 . 0 * K) * (N A 1 + A . 0 * L A 2 + 2. 0 * vi A3) 
IF(JJ.E'^.2) GOTO 333 
S5=lh 
3 33 CONTINUE1000 CONTINUE
ViHI IE (6,*)SS,IA
1= ( I192.0*WC*E*I)/(7.0*TA*F1)) **0.25 
P=192.0*L*I* (1-25-5S/TA)/(7.C*L**2)C
C NON-LINEAL ITERATIVE ALGOL11 UK
C
1001 CONTINUE
J=1.82C4F-3*(IL*1A/(E*lj)**2*L**7 
US= (£1*1)/(A*E)-0.5*J
B='(2-0*EA*A*E* { (EXP (CA*US) - 1. 0) /CA- US) ) **0. 5 
R2=AP5(F-L1)IE (I- 2.IT. 10. 0) GOTO 2002 
Rl=0.5* (F + H1)
GOTO 1001 
2002 CONTINUET= (P + fi)/(E*A*A1)
W1UTE (6 , *) I r R , T
EF= ((1.0 + (J*E* A)/ (FA*1**2) ) **0. 5-1.0) *FA*L 
TF= (P + EF)/(E*A*AL)WRITE (6,*) L,FF ,1F 
GOTO 939 
3003 CONTINUE 
STOP 
END
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cc ===============
C APPENDIX 111(0)C ===============
c
C IEPEPEECIIION ANALYSIS - LATERAL MODE 1Cc
REAL I,J,L,1G,LL,JO,L2,LCO,IE 
WRITE (6,1)
1 ICHEAT (//,2 X, * INPUT 2R, ClEEL WISE -1.0 1U STOP')
HEAD (5,*)IR 1 R= 2 . 0 * 1L 
C A = 5 • 0 
E - 2 .0 b 0 1 E 5 2= 1.5GSE9 A=2.99 2E4 
EA=2.bfc 
EL=3.8 
AL = 1 .1E— 5 
HA=3 25.0
LO=( (IE*E*I) / (3. 851 2E-2*EL) ) **0.33 3 3333 
WGC=3. 85 12E-2*EL*LO**4/ (E*l)
KGI= 0,5* WOC/LO 
WHITE (6,*) wOC,101
DO 111 11=1,100
L=10 +100 0.0*12-1000. 0
WC=3.8512E-2*EL*L**4/(E*l)L2=2.0*L
WH21E (6,*) KC,L2 
DC 1111 JJ=1,2 H 1 = 0.0
Z 1= (SIN (4. 4934-4. 4934*LC/L) ) / (L/LO-1.0)
22=(SIN(4.4934+4.4934*1C/L))/ (L/LO+1.0)Z3=2.0*SIN(4.4 9 34*10/1)
Z= ( (Z1 +22) /COS (4«4934)-Z3) /CCS (4.4934)
IE (OJ.EQ. 2) GOTO 55 
P=20.19*E*1/L**2 
GOTO 555 
55 CONTINUELL=LO+200.0 
IE (L.L1.LL) GOTO 44
P= (20. 1 S*£*I/L**2) *(1.0- (LC/L) **2*2/151. 2)GOTO 4 44 
44 CONTINUE
P=C.4*20.19*E*I/L**2 
H=0. 0 
GOTO 2002 
44 4 CONTINUE 
555 CONTINUE 
C
C NON-LINE AH I. TEH ATI VE ALGO I; IT UNC
1001 CONTINUE
20=2.045E-3* (El/ (E*I))**2*LC**7
- A 6 4 -
J = 2. 045E-3* (11/ (E*l) ) **2*L**7 II (JO., 10-2) GulU 66 
US = (R 1 * 1) / (A*E) -0. 5* J 
GOTO 666 
6 6 CONTINUE
US= (11*L)/(A*L)-0.5* (J-JC)666 CONTINUE
II (US.LI.30.0) GOTO 77 
11= (2.0*EA*A*£* (-1.0/C A-US) ) **0.5 GOTO 777 
77 CONTINUE
R = (2 . 0*IA* A* E* ( (EXP (CA* US)-1.0) /CA-US) ) **0. 5 777 CONTINUE
R2=ABS (R-R1)
IF (I\2. IT. 100. 0) GOTO 2002 
R 1 = 0 . 5* (R+R1)
GOTO 1001 
2002 CONTINUE IC0=10
II (JJ.EQ.2) GOTO 2004 
LCO= 0.0 
2004 CONTINUE
Btf=0.27752*11* (I**2-LOC**2)
BS=P/A+Btt*EA/I 
T= (P + R)/ (E*A*Al)WRITE (6,*) P,P.,T,BS 
1111 CONTINUE
II (L.GT.75100.0) GOTO 3003 
WRITE (6,33)
33 FORMAT (//)
111 CONTINUE 3003 CONTINUE 
STOP 
END
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N O T A T I O N
Unprescribed coefficient
Geotechnicai parameter
Pipe diameter
Axial friction parameter
Lateral friction parameter
Submerged self-weight parameter
Constants in Table 3.1
Pressure
Submerged self-weight of pipeline per 
unit length
Pipe radius
Wall thickness of pipe 
Axial displacement of the pipe
du/dx
2 2 d u/dx
du/dz
d2u/dz^
Tensile extension of the pipe
Compressive flexural end shortening of 
the buckle
Overall axial shortening
Resultant longitudinal movement at buckle/ 
slip length interface
Fully mobilised axial displacement 
Flexurally induced end shortening
V
V,
V,
V,
V,
V,
X
xm
xx
xxx
xxxx
Vm
vmm
vms
v
vom
w, w2
w, x
W, xm
w, xx
w. XXX
w, xxxx
wm
wmm
w.ms
wo
wom
Vertical displacement of the pipe 
dv/dx
Maximum slope of vertical buckle
d2v/dx2
d^v/dx^
d4v/dx4
Maximum vertical amplitude of the buckled 
pipe
Vertical buckle amplitude at T .m m
Post-buckling vertical amplitude at state S
Vertical displacement of the imperfection 
topology
Maximum vertical amplitude of the 
imperfection topology
Lateral displacements of the pipe 
dw/dx
Maximum slope of lateral buckle 
d2w/dx2
d3w/dx3
d4w/dx4
Maximum lateral amplitude of the buckled 
pipe
Lateral buckle amplitude at T .m m
Post-buckling lateral amplitude at state S
Lateral displacement of the imperfection 
topology
Maximum lateral amplitude of the 
imperfection topology
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Fully mobilised lateral displacement
Spatial coordinate 
Spatial coordinate
Cross-sectional area
Axial compression of pipe element
dCx/dx
Young’s modulus 
Secant modulus
Initial tangent modulus
Interface configuration (entrenched)
Shear force 
dF/dx
Resultant axial friction force
Second moment of area of cross-section 
Buckle lengths
Buckle lengths of the imperfection topology
Slip length
Bending moment 
dM/dx
Maximum bending moment
Buckling force
Axial force component
Critical buckling force 
Pre-buckling axial force 
Post-buckling axial force at state S 
Interface configuration (compacted)
Interface configuration (resting)
Temperature rise 
Critical temperature rise 
Maximum temperature rise 
Minimum safe temperature rise 
Permissible temperature rise 
Temperature rise at state S, Tg = T^ 
Temperature rise at first yield
Generalised strain energy 
Total potential energy 
External potential work done 
Section modulus
Coefficient of linear thermal expansion 
Theoretical axial friction locus coefficient 
Theoretical lateral friction locus coefficient 
Free axial strain
Horizontal angle between the direction of 
pull and an axis normal to the pipe 
centreline
Poisson’s ratio 
Axial stress 
Maximum bearing stress 
Maximum compressive stress 
Yield stress
Generalised friction coefficient 
Axial friction coefficient 
Lateral friction coefficient
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